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Abstract
Although the consideration of foreign investments may have a positive impact
on the overall market risk of the portfolio through diversification, it also adds
a new source of uncertainty due to changes in the value of the currency. We
investigate portfolio optimization models that account separately for the lo-
cal asset returns and the currency returns, providing the investor with a full
investment strategy. We tackle the uncertainty inherent to the estimation of
the parameters with the aid of robust optimization techniques. We show how,
by using appropriate assumptions regarding the formulation of the uncertainty
sets, the original non-linear and non-convex models may be reformulated as
second order cone or as semidefinite programs. Additionally to the guarantees
provided by robust optimization, we consider the use of hedging instruments
such as forward contracts and options. The proposed hedging strategies are
implemented from a portfolio perspective, and therefore do not depend on the
individual value or behavior of any particular asset or currency. Hedging deci-
sions are taken at the same time as investment decisions in a holistic approach
to portfolio management. While dynamic decision making has traditionally
been represented as scenario trees, these may become severely intractable and
difficult to compute with an increasing number of time periods. We present an
alternative approach to multiperiod international portfolio optimization based
on an affine dependence between the decision variables and the past returns.
We add to our formulation the minimization of the worst case value-at-risk and
show the close relationship with robust optimization. The proposed theoretical
framework is supported by various numerical experiments with simulated and
historical market data demonstrating its potential benefits.
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1Introduction
1.1 Motivation
In October 2007, when the work described in this thesis started, the pound was worth
1.4364 euros. Today, it is worth about 1.1264, an average depreciation of 6% per year,
having reached as low as 1.0859 in March 2009. While for domestic investors this may not
be an issue, in today’s globalized world, investors are reaching more and more for assets
available in other countries to build their portfolios. By investing in foreign assets, the
investor is seeking to diversify portfolio risk further, as it is expected that foreign assets
have a lower correlation with domestic assets, than the latter among themselves. Possibly
counteracting the positive effects on risk diversification is currency risk, which stems from
variations in the foreign exchange rates of the respective countries.
A currency management strategy coupled with an appraisal of the equity market is
therefore of utmost importance, as depreciations of the foreign exchange rate may com-
pletely erode gains in the local equity market if the portfolio is left unhedged. The full
evaluation of the profit potential of a particular asset will depend therefore not only on
its performance in the local currency, but also on the movements of the respective foreign
exchange rate. Because the performance evaluation of equity and currencies usually re-
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quires different knowledge and expertise, currency hedging is often addressed as an overlay
or secondary decision. The asset portfolio is built first according to the respective per-
formance of the assets, and only afterwards are any hedging or currency risk protection
measures decided. This sequential approach has been criticized in the literature and sug-
gestions have been made to consider a global view of the problem, that is, where decisions
on which assets to invest in and which currencies to hedge are made at the same time.
This would provide a more flexible approach to the problem, as the potential performance
of an asset may be evaluated not only by its results, but also by changes in the value of
the respective currency.
The decision on whether or not to hedge is made even more difficult due to the un-
certainty associated with the assets and the foreign exchange rate returns. Although a
hedged portfolio will undoubtedly have a lower risk level, depending on the hedging in-
strument used, it may also ignore favorable movements in the currency returns. Assuming
therefore a deterministic approach using the estimated mean returns as a true represen-
tation of the future returns may lead to significant losses, as these estimates tend to be
overly optimistic. Decision making under uncertainty can be made with the aid of robust
optimization.
This alternative modeling framework deals with the random nature of the returns
by assuming these will materialize inside an interval designated as uncertainty set. The
portfolio is then optimized for the worst possible outcome of the returns within that
interval. While the uncertainty set may be constructed according to some probabilistic
guarantees, the great advantage of robust optimization is that no assumptions need to be
made regarding the probability distribution of the returns. For the most common sets used,
it is suffice to know or estimate the first two order moments of the returns distribution.
Moreover, without engaging in any type of hedging agreements such as forwards or options,
the investor has already a first level of insurance thanks to the non-inferiority property
of robust optimization. Since we optimize for the worst case of the returns, as long as
their realized values are within the defined uncertainty set, we will always obtain a return
greater than, or at least equal to, the worst case portfolio return.
Another modeling tool to address problems with uncertain parameters is stochastic
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programming. Usually applied in the context of multistage problems, stochastic program-
ming assumes the parameters distribution is known or that it can be accurately estimated.
The decision space is discretized and to each future possible value of the returns is at-
tributed a probability of occurrence, in a scenario tree format. The construction of these
scenario trees, however, poses several difficulties. The number of stages and branches
considered in the problem may be closely related to how accurate and true to reality the
model is. While a large number of scenarios is often desirable, the number of variables in
the problem will grow exponentially, which in turn may impair numerical computation.
As a possible answer to these implementation difficulties, a new paradigm in optimization,
linear decision rules, is growing in popularity.
Linear decision rules do not make any assumptions regarding the probability distri-
bution of the uncertain parameters, but instead restrict the space of admissible solutions
to those affinely dependent on the past returns. While there may be a loss in optimality
associated with such restriction, the gains in tractability are considerable, as the problem
size grows only polynomially as opposed to exponentially. In this situation, decisions taken
at each time step will depend on the realized observations of the past parameters: in the
reformulated problem, decision variables are no longer the portfolio weights or units, but
the coefficients of the linear combinations of the past returns that determine each portfolio
weight/unit.
The aim of this thesis is to provide a comprehensive international portfolio manage-
ment strategy that is able to account for the risk/return profile of any investor, and that:
a) allows for the separate evaluation of the local asset returns and the currency returns;
b) provides some guarantees to the investor in terms of final portfolio return by the use
of robust optimization techniques and/or financial instruments when dealing with uncer-
tainty in the parameters; c) can be efficiently solved with standard optimization techniques
and is amenable to real world implementations. In particular, we wish to address the fol-
lowing problems:
1. Optimal investment allocation among foreign currencies. The consideration of uncer-
tainty in the modeling of a currency only portfolio optimization problem leads to non
3
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convexity issues due to the triangular relationship between foreign exchange rates.
How can we reformulate the problem in a tractable manner while still accounting for
uncertainty in the currency returns and maintaining the necessary requirements to
avoid arbitrage in the model? Furthermore, what insurance guarantees are we able
to provide to the investor by using forward contracts and currency options?
2. The total return on foreign assets results from the product of the local asset and the
currency returns. An international portfolio optimization model is therefore bilinear
in the uncertain parameters and non convex. Without any further assumptions on
the relationship between the local assets and the currency returns, are we able to
find a problem formulation that can be efficiently solvable and still accounts for
uncertainty in the returns? Moreover, how does the inclusion of forward contracts
and quanto options affect this reformulation and the model performance?
3. One of the criticisms directed at mean-variance models is their myopic investment
view, as decisions are taken looking only at the immediate period ahead. We would
like to develop a multistage portfolio optimization model based on linear decision
rules, and which still accounts separately for the local assets and the currency re-
turns. Additionally, we would like to extend the worst case value-at-risk minimiza-
tion framework to a dynamic setting, allowing the investor to define her desired level
of risk. We also wish to investigate how this problem relates to the standard robust
optimization problem.
1.2 Contributions and Structure of the Thesis
In this thesis, we study the impact of the consideration of foreign exchange rates and
currency value in portfolio management decisions. We show how the separate consideration
of these returns, though increasing the complexity of the model and its intractability, can
be beneficial both in terms of risk diversification and of hedging decisions. We assume that
both the local asset and the currency returns are uncertain, and apply robust optimization
techniques to account for that uncertainty and obtain guarantees as to the future value
4
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of the portfolio. We complement that investment with derivative financial instruments,
such as forward contracts and options, and show how these may be used together with
robust optimization to reduce the overall portfolio risk. Furthermore, we study how robust
probabilistic guarantees may be added to a multistage portfolio optimization model with
a limited knowledge of the returns probability distribution, in particular the worst-case
quadratic value-at-risk. Throughout this thesis, we aim at applying the models proposed
in a context of real market information.
Apart from a review of the background theory in Chapter 2 and conclusions in Chapter
6, the thesis is divided into three chapters, which can be summarized as follows.
In Chapter 3 we study the application of robust optimization techniques to a portfolio
comprised only of currencies. International portfolios have been studied in the literature,
but the consideration of currencies as investment assets has only been mentioned in a study
by Levy and Sarnat [42]. Furthermore, the uncertainty inherent to parameter estimation is
not considered in previous studies, nor the analysis of the triangular relationship between
foreign exchange rates.
We show how, due to the triangulation requirement of the foreign exchange rates, the
assumption of uncertain returns may lead to a non convex model. By using this triangu-
lar relationship, however, the model may be reformulated in a tractable and convex way,
thanks to an adequate definition of the uncertainty set of the cross exchange rates. We
further complement the insurance guarantees provided by robust optimization with an
investment in forward contracts and in currency options. While forwards are a binding
agreement, options provide more flexibility to the investor, allowing the benefit of unex-
pected increases in the value of the currency. Furthermore, additional constraints may be
added to the model in order to obtain guarantees outside the uncertainty set considered,
therefore accounting for extreme events. We employ both simulated data and historical
data on world major currencies to assess the performance of the proposed models.
In Chapter 4 we investigate the consideration of both domestic and foreign assets in
a portfolio allocation problem, while at the same time accounting for the asset returns
in their local currency and the returns on the foreign exchange rates. The application
of robust optimization to international portfolios has been investigated in Rustem and
5
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Howe [56]. We extend their work by considering different uncertainty set formulations, but
more importantly by constructing a convex tractable framework for international portfolio
optimization problems. Moreover, we move away from the traditional assumption of the
total asset returns as the sum of the local and the currency returns [19], to consider the
multiplicative term as well. The assumption of uncertainty together with the separate
consideration of the returns is not trivial. As the total return on any asset is the result of
the product of these two types of returns, the model is bilinear and therefore not convex.
We show how, by reformulating both the objective function and the constraints defining
the support of the returns, we may use the Approximate S-lemma to obtain a conservative
approximation to our original model. The new problem is a semidefinite programming
model which can be efficiently solved with standard optimization techniques. The guaran-
tees provided by robust optimization are further enhanced with the investment in forward
contracts and in quanto options. While forwards aim at protecting against the currency
risk, quanto options provide a complementary protection against both the currency and
the market risks. Numerical experiments demonstrate the benefits of considering not only
the local asset and the currency returns separately, but also of augmenting the range of
available assets with forwards and options.
We increase the complexity of the models considered by studying in Chapter 5 the prob-
lem of investment allocation over several time periods. The consideration of a multistage
portfolio optimization model answers the common criticism directed at the Markowitz’s
mean-variance model of its myopic view. While these problems have traditionally been
formulated with the help of stochastic programming and scenario trees, see for example
Topaloglou et al [61, 62], we use a recent paradigm in optimization: linear decision rules.
At each stage, the decisions to be made will depend linearly on the uncertain parameters
that are known up to then. The application of linear decision rules to portfolio optimiza-
tion has been studied by Calafiore [13], however, his formulation is not robust, in that the
constraints are only satisfied for the expected value of the returns. Our approach differs
as we would like the portfolio constraints to be satisfied for entire support of the uncertain
parameters.
We show how, by adequately defining our problem and applying robust optimization
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techniques, the original severely intractable model constraints may be reformulated as
linear and second order cone programs. Furthermore, we apply the concept of worst-
case quadratic value-at-risk in a dynamic portfolio setting and establish the relationship
between the latter and robust optimization, particularly the conditions under which the
two formulations are equivalent. Numerical experiments investigate the performance of
the multistage model comparatively to the single stage formulation.
During my doctoral studies, I also had the opportunity to collaborate on another
project with my colleagues, not directly related with my thesis. The results of that work
are published in: D. Kuhn, P. Parpas, B. Rustem and R. Fonseca. Dynamic Mean-
Variance Portfolio Analysis under Model Risk. Journal of Computational Finance 12(4),
91-115, 2009.
1.3 Statement of Originality
This thesis describes work carried out in the Department of Computing at Imperial College
between 2007 and 2011. Except where acknowledged otherwise, the work presented in this
thesis is my own. This thesis has not been submitted for the award of any degree or diploma
in any other tertiary institution.
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2Background
In this chapter, we review various concepts and results relating to international portfolio
management. In particular, we summarize previous works in portfolio optimization with
assets and currencies, and the main concepts and definitions related to the hedging of
the financial risk. We also discuss the issue of optimization under uncertainty, particu-
larly robust optimization and stochastic programming. These topics are the basis for the
development of the subsequent chapters. Specific references and definitions may also be
introduced in each of the chapters.
2.1 International Portfolio Management
Since Markowitz’s seminal work on portfolio optimization and the benefits of diversifi-
cation [48], academic research in portfolio optimization has received great attention and
developed to a mature area of operations research. In recent years, researchers have be-
gun to investigate international investment and portfolios that comprise both national
and international assets as a further way to increase diversification and reduce risk. It is
expected that international assets have a lower correlation with national assets than the
latter amongst themselves.
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Grubel [32] was the first to describe and quantify the gains from international diver-
sification. He concludes that international diversification of portfolios could bring a new
source of gains and at the same time have an important impact on policy making, as inter-
national capital movements are a function not only of interest rate differentials, but also
depend on the growth rates of asset holdings in both countries. A later study by Levy and
Sarnat [41] concludes on the risk reduction gains from international diversification, mea-
sured by the variance of a portfolio. The authors suggest investing in developing countries
together with developed ones: although the risk associated with developing countries may
be higher, their returns are also less correlated with the returns from developed countries,
and therefore allow to minimize the overall portfolio variance.
The first results on gains exclusively from foreign currency holdings were reported by
Levy [42]. His work aims at finding an alternative way to reduce the foreign exchange risk
by using a portfolio balancing approach, as following the collapse of the Bretton Woods
system in the early 70’s, exchange rates were now able to float freely. He shows that
in the period from January 1971 to July 1973, US investors could have made significant
gains by holding foreign currencies only. In a mixed portfolio of currencies and stocks,
though generally stocks yielded a higher return than currencies, optimal portfolios would
still have a significant proportion of currencies as these had lower standard deviations and
lower correlation with stocks, therefore contributing to risk diversification. Recently, in the
period following the introduction of the EUR, the USD suffered a constant depreciation
against some of the major currencies (see Table 2.1), which created similar opportunities
for US investors to profit from investing in these currencies.
However, international portfolios carry an additional risk related to unfavorable move-
ments of the foreign exchange rates. The issue of hedging the currency risk, and conse-
quently of determining the optimal hedge ratio and of deciding on which financial instru-
ment to use became more and more relevant. Black [8] introduced in 1989 the concept
of “universal hedging”, arguing that investors should always hedge their foreign assets,
equally for all countries, but never 100%. His “universal hedging” formula has only three
inputs based on averages across countries of the following parameters: i) excess expected
return on the world market portfolio; ii) volatility of the world market portfolio; and iii)
10
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Currencies Appr. Rate (%) Std. (%)
EUR 0.46 2.53
GBP 0.01 2.23
JPY 0.43 2.46
CHF 0.45 2.47
CAD 0.30 2.02
AUD 0.28 3.20
Table 2.1: Monthly average appreciation rate and standard deviation of major foreign cur-
rencies against the USD from Jan-02 to Dec-08
exchange rate volatility.
Eun and Resnick [20] argue that the studies from Grubel [32] and Levy and Sarnat
[41] overstated the actual gains from international diversification as they do not account
for parameter uncertainty that affects the estimation of returns. They argue that the risk
inherent to foreign exchange rates can eliminate or reduce substantially the gains of an
international portfolio due to their own volatility and their positive correlation with the
stock returns. Two methods are proposed to reduce this risk: (i) diversification through
the investment in several currencies, and (ii) a hedging strategy that sells the expected
foreign currency returns at the forward rate. The effectiveness of this strategy depends
on how accurate the investor’s estimates are relative to the future returns. The authors
conclude that hedged portfolios dominate non-hedged ones.
Glen and Jorion use forward contracts in order to protect against depreciations of the
foreign exchange rates and optimize simultaneously over the weight allocation between
assets and currencies [30]. They show that portfolios with hedging restrictions, limited
to the size of the foreign asset holdings, in general perform better than portfolios with
unitary or universal hedging strategies. Larsen and Resnick [40] note, however, that all
published results relate to ex-post portfolios and do not take into account the parameter
uncertainty resulting from estimations. In their studies, they test the performance of
hedging strategies when parameter inputs are estimated from historical data. They find
that “when dealing with historical market data, the degree of parameter uncertainty is so
severe that one cannot reliably base parameter inputs or sophisticated hedging strategies
11
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upon it.” A detailed survey of the topic may be found in Shawky et al. [57].
More recently, Topaloglou et al. [61, 62] present a multistage stochastic programming
model that jointly determines the asset weights and the corresponding hedge ratios for
the international currencies, using the Conditional Value-at-Risk as a risk measure. In
their work, the authors include not only forward contracts but also currency and quanto
options to hedge against the foreign exchange risk. They find that only “in-the-money”
put options have a comparable performance with forward contracts. Because currency
options are more flexible than forwards, it has been thought that these would be more
appropriate hedging instruments, as the investor is not sure of the future cash inflow [29].
Steil, on the other hand, argues that the underlying of the currency option is the foreign
exchange, which does not correspond to the contingency underlying the exposure, the
asset return [58]. Instead, he suggests that quanto options, which convert the price of an
underlying asset into another currency at a fixed guaranteed rate, are more adequate for
international asset allocation problems [35].
2.2 Hedging and Financial Derivatives
There is currently a significant number of financial derivative instruments directed at
the hedging of a specific number of risks. We are mainly concerned with the hedging of
the currency risk, i.e., the reduction or complete elimination of the adverse consequences
resulting from a increase/decrease of the foreign exchange rate. Several situations may
arise in which the agent is interested in eliminating his exposure to currency risk. We
assume that our investor is expecting to receive a certain amount of foreign currency at a
certain point in the future and he wishes to hedge his gain from any depreciations in the
foreign exchange rate. Such is the case when the investor holds a portfolio with foreign
assets.
The motivation behind hedging is clear: international investors are mainly worried
about their asset investments and do not want to be concerned with movements of the
foreign currencies, which are very volatile and difficult to forecast. On the other hand,
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a disadvantageous movement in the foreign exchange rate may completely offset local
asset gains, and therefore must be taken into consideration. The most commonly used
instruments for hedging, and which we present subsequently, are forward exchange rates
agreements, futures contracts and currency options.
2.2.1 Forward Contracts
Probably the simplest form of derivatives, forward contracts are agreements to buy or sell
at a certain point in the future an asset for a pre-specified price. Forwards are a common
instrument to hedge the currency risk, when the investor is expecting to receive or pay a
certain amount of money expressed in foreign currency in the near future. There are no
costs in entering into a forward agreement apart from the differences in the bid-ask spread
proposed by the financial institutions. A very important feature of the forward contracts
is that these are binding contracts (contrary to options), and therefore both parts are
obliged to honor the contract and deliver the asset at that price. This condition impacts
the calculation of the payoff of the forward.
Forward and spot prices are closely related. Assuming continuous compounding, we
can determine the forward price of an asset as:
F = SerT (2.1)
where F and S are the forward and the spot prices of the underlying asset respectively, r
is the risk free rate and T is the period of time for compounding. This formulation implies
there are no arbitrage opportunities. At each point in time, until maturity, the value of a
forward contract f with a delivery price of F is calculated as:
f = S − Fe(r−q)T (2.2)
where q is the known dividend yield of the underlying asset. When the contract is first
established, the price of the forward contract K is determined so as to ensure that its
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value f is zero.
In forward contracts on foreign currencies, the underlying asset is the exchange rate,
or a certain number of units of a foreign currency. We start by defining E as the spot
exchange rate and F as the forward price, both expressed as units of the base currency
per unit of foreign currency. Holding currency provides the investor with an interest gain
at the risk-free rate prevailing in the respective country. If we take r as the domestic
risk-free rate and rfc as the risk-free rate in the foreign country, the forward price is then
as before:
F = E · exp[(r − rfc)T ] (2.3)
The ‘interest-rate parity’ expression (2.3) ensures that no arbitrage opportunities arise,
by forcing the prices back to equilibrium.
Forwards on exchange rates are a commonly used hedging instrument for its simplicity
and practicality. Suppose an US investor is expecting to receive in three months time the
amount of Eur 150,000. Not wanting to take the risk of a depreciation in the exchange
rate, he can enter into a forward rate agreement to sell Eur 150,000 in three months at
the forward price of F , therefore fixing the foreign exchange rate at the level F . Forward
contracts are quite effective when the agent knows exactly the amount he/she expects
to receive at a future date, and allow him/her to hedge completely the risk of a change
in the exchange rate. Nevertheless, while eliminating completely the risk of a currency
depreciation, in the opposite case the potential gain is lost as the exchange rate is already
determined and is binding.
2.2.2 Futures
A future represents a binding obligation to buy or sell a particular asset at a designated
price on a specified later date. In practice, futures are in fact quite a similar instrument
to forward agreements, at least in terms of the end result. They do have however specific
features, in particular their standardization and their payoff procedure that distinguish
them from forwards.
14
2.2 Hedging and Financial Derivatives
Margins have a very important role in the trading of futures. They are at the same
time an attractive of the market and a way of minimizing contract defaults. When buying
a contract, the investor must open a margin account, where he will deposit an initial
margin. This initial margin does not correspond to the entire value of contract that he
just acquired but only to a certain percentage of that contract, between 5-10%. At the end
of each trading day, the margin account of the investor is adjusted upwards/downwards
according to the movement of the futures price, reflecting the investor gain/loss. This
is what is known as ‘marking to market’. As the futures contract reaches its maturity,
its price converges to the spot price of the underlying asset. At the delivery date the
price of the futures contract is equal to the spot price. If this was not the case, arbitrage
opportunities would arise thus forcing, by the action of the agents in the market, the price
of the futures to move upwards/downwards.
Futures are a common instrument used for hedging, which generally work by offsetting
losses(gains) in the spot market with gains(losses) in the futures market. For the common
investor wishing to hedge a part or all of his/her expected returns however, futures can
pose several disadvantages or work less than perfectly in practice. As mentioned, futures
are a standardized instrument in terms of maturity date and more importantly in terms
of amount per contract. While the maturity date obstacle can be overcome by closing the
position earlier, having an amount to hedge which is not a multiple of the value of each
contract may cause the hedge to be below 100%. Furthermore, currency futures are not
such a common instrument as one may wish and they are only against the USD as the
base currency. Hedges in other currencies would have to be made by cross hedging which
might increase significantly transaction costs.
If futures and forwards have the same price, then this approach is not any different
from using forwards. The main difference would be on the cash-flows processes associated
with forwards (which occur only at delivery date) and with futures (which occur every
trading day). Indeed, it is possible to recreate a hedging strategy in futures using forward
exchange rate contracts, assuming intermediate cash flows from the futures market are
reinvested at the discount rate r [45].
Table 2.2 summarizes the main differences between forward agreements and futures
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contracts, Hull [36].
Forwards Futures
Private contract Traded on an exchange
Not standardized Standardized
Limited range of delivery dates Wide range of delivery dates
Settled at maturity date Settled daily
Final cash settlement Closed out before maturity
Table 2.2: Brief comparison between forwards and futures contracts
2.2.3 Options
Alternatively to the use of forward exchange contracts or futures contracts, the investor
could use currency options to hedge his/her risk. Options have the comparative advantage
of maintaining a certain degree of flexibility in the hedging, as, while protecting against
a downside risk, they do not stop the investor from profiting from unexpected upward
movements of the foreign exchange rates. An option comprises the right, but not the
obligation, to buy (or sell) an asset under certain specified terms [45]. Depending on
whether we obtain the right to buy or sell the underlying asset, the option is called a call
or a put, respectively.
The exercise of an option is a function of its value at expiration date. The investor who
buys a call option expects the asset price to increase, so that at expiration date he/she
can buy the asset at the strike price K and sell it at the spot price S. His/her gain is
then the max(0, S −K), because if the spot price decreases to less than the strike price,
the option is not exercised. The buyer of a put option, on the other hand, believes that
the spot price will decrease below the strike price, which would allow him/her to profit by
K − S. At expiration date, his/her gain can be translated as max(0,K − S).
In order to be able to exercise his/her right, the buyer of the option must pay a premium
up front, which will not be recovered under any circumstance. An option premium depends
on the strike and spot prices of the underlying asset, the time to expiration of the option,
and the volatility of the underlying asset. The premium reflects both the intrinsic value of
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the option (whether or not the strike price is less, greater or equal to the spot price) and
the time value (the possibility of changes in the spot price that could potentially create a
gain for the investor). The seller of the option, often called the option writer receives the
premium, and this represents his/her only gain. While the losses of the option buyer are
limited to the premium paid, there is no limit to the losses that may be incurred by the
option writer.
Option pricing models are built on the assumption that stock prices (or prices of the
underlying asset) follow a ‘geometric Brownian motion’, where:
dS = µSdt+ σSdz (2.4)
Equation (2.4) suggests that changes in the stock prices S have two sources: a rate of return
µ, expressed as a percentage of the stock price and dependent on time, and a volatility σ,
which adds ‘noise’ and variability to the process and is expressed as a percentage of the
stock price and of a random variable that follows a Wiener process (i.e., with mean zero
and variance one). Behind this formula is the assumption that stock prices follow a Markov
process, where the price tomorrow depends only on the price today and is not influenced
by the prices in the past. The price today incorporates already all the information from
the past.
If stock prices behave in accordance with equation (2.4), then by Ito’s Lemma it can
be shown that, [36]:
d lnS =
(
µ− σ
2
2
)
dt+ σSdz (2.5)
Prices are then said to have a lognormal distribution, which takes only non negative values
and is skewed to the left with different mean, median and mode. The most widely used
option pricing model, the Black-Scholes model, relies on the assumption that stock prices
are lognormally distributed. If C is the price for an European call option, and P the price
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of an European put option, the Black-Scholes pricing equations are defined as:
C = SN(d1)−Ke−rTN(d2) (2.6)
P = Ke−rTN(−d2)− SN(−d1) (2.7)
where S and K are the spot and the strike prices respectively, r is the discount interest
rate, T is the time to expiration, and N(·) is the standard cumulative normal probabil-
ity distribution. The arguments of N(·) are: (where σ is the standard deviation of the
underlying asset)
d1 =
ln(S/K) + (r + σ2/2)T
σ
√
T
d2 = d1 − σ
√
T
Currencies are one of the possible underlying assets for options. Similarly to forwards,
currency options are mainly traded on over-the-counter markets, where their specifications
can be tailored to the agents’ own needs, but at the expense of an increased default risk
(due to not benefiting from the exchange house protection). The great advantage of using
options instead of forwards, is that if the foreign exchange rate moves favorably to the
investor, he can still profit from that movement by not exercising the option. While the
forward contract locks the foreign exchange rate to be settled in the future, the option
provides an insurance, by limiting the value of a downward movement in the exchange
rate.
As before, we define E as the spot exchange rate, expressed in units of the base currency
per unit of the foreign currency. The strike price K of a currency option is the foreign
exchange rate to be valid at the maturity date. Assume an US investor is expecting to
receive a certain amount in GBP at some point in the future. In order to hedge against
the currency risk, he would buy a put option on the GBP, therefore having the right
to sell GBP at the strike price K defined (or more precisely, at a certain value of the
foreign exchange rate) at the maturity date. This foreign exchange rate is not binding:
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if the spot exchange rate in the future increases above the strike price, the option will
not be exercised. (The investor could instead buy a call option on USD against GBP –
currency options are symmetrical by definition.) This strategy is called a ‘covered put’.
As the investor holds a long position both on the asset and on a put option, his gains are
unlimited, namely they are dependent on the future spot price, and his losses are limited
by the strike price of the put option.
The pricing model for currency options is very similar to the original Black-Scholes
model, and it uses the fact that holding a foreign currency is equivalent to holding a stock
with a known dividend yield. Holding foreign currency provides an interest at the risk-free
rate prevailing in the foreign country. The pricing model for currency options takes into
account the risk-free rate of the foreign country, rfc, and of the home country, r, and
similarly to the Black-Scholes model, assumes both are constant. All other assumptions
remain valid. The extension of the Black-Scholes model to the pricing of currency options
is owed to Mark Garman and Steven Kohlhagen [27]. If C is price of a call option and P
of a put option, we have:
C = Se−r
fcTN(d1)−Ke−rTN(d2) (2.8)
P = Ke−rTN(−d2)− Se−rfcTN(−d1) (2.9)
where
d1 =
ln(S/K) + (r − rfc + σ2/2)T
σ
√
T
d2 = d1 − σ
√
T
Quite complex strategies may be built using calls and puts, with the same or different
strike prices, resulting in different levels of risk and in different payoffs for each value of
the spot price at maturity date. Wystrup [65] presents an extensive explanation of the
most common exotic options and their corresponding pricing method.
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2.3 Optimization under Uncertainty
We are interested in solving convex optimization problems of the general type:
min
w
f(w, ξ˜) (2.10a)
s.t. g(w, ξ˜) ≤ 0 (2.10b)
w ∈W, (2.10c)
where w is our decision variable and ξ˜ the data element of our problem, which we consider
to be uncertain. Additional constraints not affected by uncertainty are aggregated in the
set W. Many real life problems are affected by data uncertainty and their estimation is
sometimes not possible or not accurate. Failure to account for this uncertainty may result
in sub-optimal or even infeasibe solutions. Because both the objective function and the
constraints depend on the uncertain parameter ξ˜, problem (2.10) represents a whole family
of minimization problems, one for each possible value of the vector ξ˜. In the remainder of
the section, we review alternative approaches to deal with parameter uncertainty within
the optimization model and reformulate the problem in a tractable manner.
2.3.1 Robust Optimization
The paradigm of robust optimization gained the attention of the academic community
after the simultaneous works of Ben-Tal and Nemirovski [4] and El-Ghaoui and Lebret
[17]. In the robust optimization framework, uncertainty is incorporated in the model by
considering the returns as random variables, but expected to materialize within an uncer-
tainty set Ξ. This uncertainty set is constructed in order to reflect investor’s expectations
regarding the future returns and her knowledge about the true probability distribution of
the returns. The size of the uncertainty set determines the degree of conservativeness or
risk aversion of the investor, as the model is then optimized for the worst possible value
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of ξ˜ over this entire set. This is described by the problem:
min
w
max
ξ∈Ξ
f(w, ξ) (2.11a)
s.t. g(w, ξ) ≤ 0, ∀ξ ∈ Ξ (2.11b)
w ∈W, (2.11c)
referred to as the robust counterpart of problem (2.10). Formulation (2.11) minimizes
function f(w, ξ) for the worst case of parameter ξ within the uncertainty set Ξ. This
value also depends on the value taken by the decision variable w. Additionally, constraint
g(w, ξ) ≤ 0 is also required to be satisfied for all the possible values of ξ in the support.
This is a semi-infinite constraint, with a finite number of variables, but an infinite number
of constraints.
The complete reformulation of problem (2.11) is usually made by dualizing the respec-
tive constraints and eliminating in this manner the random parameter ξ. Depending on
the specific formulation of the uncertainty set Ξ and the original problem type (linear,
second order cone or semidefinite), the resulting problem may also be written as a linear,
second order cone or semidefinite program. Assume for example the following semi-infinite
constraint
w′ξ ≤ 0, ∀ξ ∈ Ξ
and the ellipsoidal uncertainty set with information on the first two order moments of the
distribution of ξ, the mean ξ¯ and the covariance matrix Σ:
Ξ = {ξ : (ξ − ξ¯)Σ−1(ξ − ξ¯) ≤ δ2}.
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Then, the following equivalences hold:
w′ξ ≤ 0, ∀ξ ∈ Ξ (2.12a)
⇔ 0 ≥ max
ξ
{w′ξ : (ξ − ξ¯)Σ−1(ξ − ξ¯) ≤ δ2} (2.12b)
⇔ 0 ≥ min {w′ξ¯ − δ‖Σ1/2w‖} (2.12c)
The equivalence follows from strong second order cone duality as the primal problem is
feasible, Boyd and Vandenberghe [11]. After this reformulation, the random variable ξ is
no longer present in the expression. The semi-infinite constraint has been rewritten as a
second order cone program. Similar dualization techniques will be employed in the next
sections of this thesis.
We refer the reader to Ben-Tal et al. [2] for a recent survey of robust optimization
and its many applications. The application of robust optimization to an international
portfolio optimization problem has initially been developed by Rustem and Howe [56].
We expand on their work by reformulating the problem in a convex tractable framework
and by addressing the issue of hedging the currency risk.
2.3.2 Stochastic Programming and Linear Decision Rules
Stochastic programming problems and their applications have been thoroughly discussed
in the works of Pre´kopa [51], and Birge and Louveaux [7]. While the model parameters
remain uncertain, in stochastic programming their probability distribution is assumed to
be known or at least to be accurately estimated. The goal is then to find a decision that is
feasible for all the possible parameter realizations while at the same time optimizing the
expected value of the objective function.
Stochastic programming is traditionally studied and applied in the context of two-stage
or multistage optimization models. In this type of problems, a decision is taken “here-and-
now”, but only at a later date will we be able to see the effects of that decision, that is,
once the uncertain parameters materialize. At that point in time, a recourse decision can
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be made to enhance or correct the effects of the first decision. Because decisions depend
only on past observations, the “non-anticipative” nature of the problem is guaranteed. A
general two-stage stochastic programming problem may be formulated as:
min
w
f(w) = r′w + E[Q(w, ξ˜)] (2.13a)
where Q(w, ξ˜) is the optimal solution of the optimization problem solved at the second
stage:
min
x
q′x (2.13b)
s.t. Tw +Wx ≤ h (2.13c)
In the first instance of the problem, we minimize the objective function today plus the
expected value of the decision at the next stage. Once the uncertain parameters ξ˜ are
revealed, we take the so-called recourse decision, by minimizing the objective function
corresponding to the second stage and compensating any errors deriving from the decision
at the first stage.
In order to be able to solve problem (2.13) numerically, it is assumed that the random
vector ξ˜ may only take a finite number of possible values, which are called scenarios, and
to which is attributed a certain probability of occurrence. For a given number of scenarios
k and their respective probabilities pk, problem (2.13) may now be written as:
min
w,x
r′w +
K∑
k=1
pkQ(w, ξk) (2.14a)
s.t. Tkw +Wkxk ≤ hk, k = 1, . . . ,K (2.14b)
where E[Q(w, ξ˜)] =
∑K
k=1 pkQ(w, ξk). Scenario-based formulation (2.14) will provide us
with the first stage optimal decision w, as well as with an optimal decision xk for each of
the possible scenarios considered. For every possible realization of the random parameters
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ξ˜ in the second stage, we have determined an optimal policy. The framework can then be
easily extended to problems with multiple decision steps, for which a scenario tree would
be constructed. The issue is then how to develop such scenarios in order to facilitate
numerical implementation, while at the same time maintaining a decent level of adequacy
to the reality we are trying to represent.
There are many examples in the literature of stochastic programming applications
to portfolio optimization models. Topaloglou et al. have used scenario trees to model
an international portfolio optimization problem with the Conditional Value-at-Risk as
risk measure [60, 62]. They further complement their study with forwards and options.
Further studies have even complemented stochastic programming with robust optimization
techniques, as in practice, the true probability distribution of the returns is unknown or
only partially known. Gulpinar and Rustem [33] extend the mean-variance optimization
framework to a multiperiod model, where rival scenarios of risk and return are considered,
and assume a minmax approach in order to guarantee the performance of the portfolio.
In [37], Kuhn et al. also consider a robust approach to multiperiod portfolio optimization
by minimizing the worst case variance over a set of possible return distributions.
In this thesis, we propose an alternative formulation for multiperiod optimization mod-
eling which does not rely on scenario trees, but is instead based on linear decision rules.
One of the drawbacks of stochastic programs is their numerical intractability. While one
would like a scenario tree that truly represents the uncertainty of the parameters, an in-
creasing number of stages and branches results in an exponential growth of the problem
size. On the other hand, if one were to consider a smaller tree to facilitate computational
implementation, the obtained results might not be useful, as the reality is not adequately
represented. Furthermore, when dealing with financial problems, the number of branches
must be greater than the number of assets considered to avoid arbitrage in the market.
Linear decision rules, however, are quite effective at overcoming computational complexity,
as the resulting problems are either linear, second order cone or semidefinite programs. All
of these are convex and can be efficiently solved with standard optimization techniques.
In this new paradigm, decisions made at each stage are an affine combination of the past
uncertain parameters.
24
2.3 Optimization under Uncertainty
Affine polices have first been studied by Gartska and Wets in 1974 [28] and later on
used in the context of robust optimization by Ben-Tal et al. [3]. Calafiore [13] numerically
derived the expected return and variance in a multistage portfolio optimization problem
using affine recourse policies. The constraints in his formulation, however, were only
satisfied for the expected value of the returns. Our approach differs as we would like the
portfolio constraints to be satisfied for the entire support of the uncertain parameters.
The main disadvantage in the use of linear decision rules is the loss of optimality in which
we may incur, as the decision space is severely restricted. Kuhn et al. provide a study
on this trade off between tractability and optimality in [38]. In an attempt to reduce
the optimality gap, other authors have proposed the use of deflected and segregated linear
decision rules [16], and also polynomial [6].
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3Currency Portfolio Optimization
We will now extend the existent framework described in the previous chapter to the
problem of finding an optimal allocation among different foreign currencies. At this point,
our portfolio will only include currencies. Because we account for the uncertainty related
to the future returns directly in the model, and due to a particular feature of foreign
exchange rates, the triangular relationship, there will be non convexity issues. We study
two alternative methods to overcome these issues and provide numerical results on the
performance of the proposed models. The salient points of this chapter are discussed in
Fonseca et al. [26].
3.1 Problem Description
We consider a portfolio that comprises m different foreign currencies, taking the USD
as our base currency. The return on a currency is measured by the ratio between the
expected future spot exchange rate and the spot exchange rate today, denoted by Ei and
E0i , respectively. Both quantities are expressed in terms of the base currency per unit of
the foreign currency i. The expected return on a specific currency i is then described by
rei = Ei/E
0
i . In the Markowitz mean-variance framework [48] we would want to maximize
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our expected portfolio return given some risk measure, in this case the variance of the
portfolio. The formulation of our problem would be:
max
w
{(re)′w − λ(w′Σw)} (3.1a)
s.t. 1′w = 1 (3.1b)
w ≥ 0 (3.1c)
The variable w denotes the vector of currency weights in the portfolio, while the pa-
rameter Σ represents the covariance matrix of the currency returns. Parameter λ denotes
the level of risk the investor is willing to take. Variables or parameters in bold face de-
note vectors, while 1 is a vector of all ones, whose dimension is clear from the context.
Although we will always assume no-shortselling throughout the models presented in this
thesis, this constraint can be easily relaxed. By not allowing shortselling, we conform to
the restrictions that most investors are faced with in the financial markets.
Although the Markowitz model stimulated a significant amount of research, the mean-
variance framework has also been subject to criticism due to its lack of robustness. Model
(3.1) is deterministic: it assumes that the expected returns are given, and it does not
account for their random nature. Small changes in the value of the parameters, however,
may pull the solution far from the optimum or even render it infeasible. Robust opti-
mization tries to address these issues by assuming that there is a degree of uncertainty in
these estimates: future returns are not certain, but random, and they may take any value
within some predefined interval.
3.2 The Robust Counterpart
Because we would like our solution to be robust to changes in the parameter values, we
will maximize our portfolio return in view of the worst case currency returns within the
specified interval or uncertainty set. We formulate our robust currency portfolio problem
as:
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max
w
min
re∈Ξ
(re)′w (3.2a)
s.t. 1′w = 1 (3.2b)
w ≥ 0 (3.2c)
Parameter re is a random variable that represents the real currency returns, which we
assume are within the uncertainty set Ξ. This uncertainty set reflects the investor’s ex-
pectations regarding the future value of the returns, and it can be described in several
ways, of which the most widely used are range intervals and ellipsoids. We define Ξ as:
Ξ = {re ≥ 0 : (re− r¯e)′Σ−1(re− r¯e) ≤ δ2}, (3.3)
which describes an ellipsoid centered at the expected returns r¯e and rotated and scaled
by the covariance matrix of the returns Σ. Ellipsoidal uncertainty sets were first described
by Ben-Tal and Nemirovski [4]. They reflect the idea of a joint confidence region (the
differences between the returns and their estimates are weighted by the covariance matrix),
as opposed to an individual one like in hyper-rectangular sets. The problem is then how
to choose the parameter δ in order to reflect the investor’s expectations as to the future
currency returns. One approach is to choose δ2 as the αth percentile of a χ2 distribution
with m degrees of freedom. Assuming the currency returns are normally distributed, the
probability of the future returns materializing inside the uncertainty set is at least α%
[15]. Recent studies have focused on the close relationship between uncertainty sets and
corresponding risk measures, see El-Ghaoui et al. [18], Natarajan et al. [49] and Bertsimas
and Brown [5]. In the case of ellipsoidal uncertainty sets, El-Ghaoui shows that:
max
w
{−w′re | (re− r¯e)′Σ−1(re− r¯e) ≤ δ2ω}
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is equivalent to finding the worst-case ω-Value-at-Risk over all exchange rate return dis-
tributions whose first two moments coincide with r¯e and Σ, if δω is set to
√
(1− ω)/ω.
As we optimize our portfolio in view of the worst possible outcome of the currency
returns, we are bound to obtain at least the return exhibited by the objective value as long
as the returns are realized within the uncertainty set. This is called the non-inferiority
property of robust optimization and provides a guarantee to the investor regarding future
returns.
Although in principle, the covariance matrix is also subject to uncertainty, its statisti-
cal estimation is much easier and hence more accurate than the estimation of the returns.
Furthermore, mean-variance problems are much less sensitive to deviations from the esti-
mate of the covariance matrix than to estimates of the returns [21]. Goldfarb and Iyengar
[31] considered an uncertainty structure for the covariance matrix based on a factor model
and reformulated the problem as a second-order cone program. Halldorsson and Tutuncu
[34], on the other hand, define an uncertainty interval for each element in the covariance
matrix, and cast the problem as a saddle-point problem with semidefinite constraints. We
have not taken into account the uncertainty caused by the estimation of the covariance
matrix, but have, however, included in the appendix A an extension to our model where
the covariance matrix is assumed not to be fixed. In our approach, we have followed the
work developed in Ye et al. [66]. As suggested by Broadie [12], the greatest reduction in
errors in mean-variance frameworks arises from a better estimation of the mean returns,
whereas little or no significant impact can be made by improving the estimation of the
standard deviations and correlations.
Foreign exchange rates have a particular feature that distinguishes them from other
investment assets such as stocks or bonds. If we define two exchange rates relative to a
base currency, for example, the USD versus the EUR (USD/EUR) and the USD versus the
GBP (USD/GBP), then we automatically define an exchange rate between the EUR and
the GBP as well. This triangular relationship between exchange rates must be observed at
all times, since otherwise arbitrage opportunities would arise and the market mechanisms
would drive this relationship back to its equilibrium. We note however, that this is a
necessary but not sufficient condition. Arbitrage may still be possible if transactions
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involving more than 3 currencies are considered. Robust optimization, on the other hand,
takes into account all possible returns within the uncertainty set, and optimizes for the
worst case returns. While these by definition are guaranteed to be inside the uncertainty
set considered, we need to ensure that the resulting cross exchange rates are also within
appropriate boundaries, i.e., that the worst cross exchange rates take on plausible values.
Hence, we need to add a new constraint to the model which enforces this triangular
relationship to be respected.
With m currencies in the model, the number of cross exchange rates is m(m − 1)/2.
If we define Xij as the cross exchange rate between Ei and Ej , that is, Xij is the number
of units of currency i that equals one unit of currency j, then:
Ei · 1
Ej
·Xij = 1 (3.4)
In analogy to our previous notation, X0ij denotes the current spot cross exchange rate,
while xij is the return on the cross exchange rate. We may modify this equation to
express the future exchange rates in terms of the currency returns and the spot exchange
rates:
E0i r
e
i ·
1
E0j r
e
j
·X0ijxij = 1
⇔ [E0i ·
1
E0j
·X0ij ] · [rei ·
1
rej
· xij ] = 1
⇔ rei ·
1
rej
· xij = 1 (3.5)
We then express the uncertainty associated with the returns of the cross exchange rates
through the intersection of halfspaces of the following type:
a′x ≤ b⇔
∑
(i,j)
aijxij ≤ b⇔
∑
(i,j)
aij
rej
rei
≤ b, (3.6)
where the possible relationships between the cross exchange rates are taken into account.
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Replacing the variables xij by their equivalent ratio from the triangulation requirement
rej/r
e
i yields a nonconvex formulation in the variables r
e of expression (3.6). We assume
uncertainty sets for the cross exchange rates of the type:
∑
j
aijxij ≤ b⇔
∑
j
aij
rej
rei
≤ b. (3.7)
The consideration of the triangulation requirement and of the uncertainty associated
with the cross exchange rates returns jeopardizes the convexity of the proposed model. In
order to overcome this issue and to be able to solve the optimization problem efficiently,
we suggest two different approaches.
3.2.1 Semi-infinite Algorithm
Recall the formulation of our robust optimization problem:
max
w
min
re∈Ξ
(re)′w (3.8a)
s.t. 1′w = 1, w ≥ 0 (3.8b)
with the uncertainty set Ξ defined as:
Ξ = {re ≥ 0 : (re− r¯e)′Σ−1(re− r¯e) ≤ δ2, a′x ≤ b}, (3.8c)
plus the triangulation constraint (3.5).
This is a non convex semi-infinite problem with a finite number of variables but an
infinite number of constraints. Problems of this type have been extensively studied in
the literature. In our approach, we follow closely the alternating procedure suggested by
Blankenship and Falk [10], and the particular application of Zakovic and Rustem [67] to
minmax problems. This procedure generates a sequence of optimization problems whose
solutions will be used to approximate the solution of the original problem.
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We start by rewriting the problem in the form:
min −φ (3.9a)
s.t. φ− (re)′w ≤ 0, ∀re ∈ Ξ (3.9b)
1′w = 1, w ≥ 0 (3.9c)
The general cutting plane algorithm starts with a finite subset of the set of all constraints
on problem (3.9) and sequentially adds new constraints to the problem. It can be shown
that the solutions of the auxiliary problems will converge to the solution of problem (3.9)
[10]. New constraints are added by solving these auxiliary problems. The semi-infinite
algorithm translates into the following steps:
1. Initialize: set counter k = 0 and choose an initial point (re)0 ⊂ Ξ.
2. Solve the kth master problem Pk to find wk:
min −φ (3.10a)
s.t. φ− [(re)′]kw ≤ 0 (3.10b)
1′w = 1, w ≥ 0 (3.10c)
3. Solve the kth slave problem Qk to find (re)k+1:
max φ− (re)′wk (3.11a)
s.t. (re− r¯e)′Σ−1(re− r¯e) ≤ δ2 (3.11b)
a′x ≤ b (3.11c)
rei ·
1
rej
· xij = 1, ∀(i, j) : i < j (3.11d)
re ≥ 0 (3.11e)
4. Check the solution obtained:
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• If {φ− [(re)′]k+1wk ≤ 0} stop.
• Otherwise, add {φ− [(re)′]k+1wk ≤ 0} as a new constraint to the Pk+1 master
problem and return to step 2 with k = k + 1.
Continuously adding new constraints reduces further and further the feasible set of the
master problem, so that the lower bound of the minimization problem increases. If the
solution of the slave problem satisfies the condition
{
φ− [(re)′]k+1wk ≤ 0}, we may
conclude that: {
φ− [(re)′]wk ≤ 0
}
, ∀re ∈ Ξ.
Therefore wk is a solution to our master problem and the stopping condition is correct.
While the uncertainty set defined for the cross exchange rate returns directly impacts
the range of admissible values of the currency returns, it does not affect the objective
function, as we do not trade in cross rates. This feature together with a linear assumption
on the uncertainty of the cross returns will allow us to reformulate the problem as a second
order cone program.
3.2.2 Second Order Cone Programming
Note that although we need to model and estimate the future returns of the cross exchange
rates, they do not have a direct impact on our objective function. In fact, the only effect
of the cross exchange rates is to constrain further the uncertainty set originally defined for
the exchange rates, that is, to render the model less conservative. In (3.6) we consider any
pair (i, j) of exchange rates, which means that when replacing xij by the corresponding
ratio rej/r
e
i , we can have different foreign exchange rates r
e
i . By using an uncertainty set
of type (3.7), we restrict the relationship among cross exchange rates to those which have
a common denominator rei . Contrary to (3.6), (3.7) has an explicit convex formulation:
∑
j
aij
rej
rei
≤ b⇔
∑
j
aijr
e
j ≤ brei . (3.12)
In the numerical experiments, we will use box uncertainty sets for the cross exchange
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rates, which can be regarded as a special case of type (3.7). We define the interval in
which the future cross exchange rates may materialize as:
l ≤ x ≤ u
⇔ lij ≤ xij ≤ uij , ∀i, j = 1, . . . , n, i ≤ j
⇔ lij ≤ r
e
j
rei
≤ uij
⇔ lijrei ≤ rej ≤ uijrei (3.13)
Note that the relationship between various cross exchange rates is still present in the
model, though indirectly, through the covariance matrix of the exchange rate returns. As
in the case of the ellipsoidal uncertainty set, the upper and lower bounds can also be
chosen to reflect certain confidence intervals around the estimate value. Parameters l and
u may be calculated as (x¯− fσ) and (x¯ + fσ) respectively, meaning that the future cross
exchange rate returns are expected to be in the interval centered at their mean estimate
x¯ plus or minus f times the respective standard deviation. A more conservative investor
could for example simply take the historical upper and lower bounds of the returns over
a certain period of time.
Simplification (3.13) leads to the transformation of m(m−1)/2 nonconvex inequalities
into m(m−1) linear ones. For two currencies, Figure 3.1a represents different uncertainty
sets for different values of the parameter δ. Including the triangulation constraint in the
model restricts the size of the uncertainty set as shown in Figure 3.1b, [39]. We define Ξx
as the uncertainty set associated with the returns of the cross exchange rates, where:
Ξx = {x ≥ 0 : l ≤ x ≤ u}, (3.14)
which, given the transformation (3.13) can be written as:
Ξx = {re ≥ 0 : Are ≥ 0}. (3.15)
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Matrix A is the coefficient matrix reflecting all the triangular relationships between the
foreign exchange rates, and consists of m(m − 1) rows and m columns. We redefine our
uncertainty set Ξ to include this new constraint:
Ξ = {re ≥ 0 : (re− r¯e)′Σ−1(re− r¯e) ≤ δ2 ∧Are ≥ 0} (3.16)
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(b) Restriction of the ellipsoidal uncertainty set
due to the triangulation requirement
Figure 3.1: Uncertainty sets.
With these definitions in place, we are now able to reformulate our original problem
(3.2) in a tractable manner. Robust optimization uses duality theory to reformulate the
inner minimization problem of model (3.2) as a maximization problem for a fixed vector
w of weights. The inner minimization problem determines the worst possible outcome of
the currency returns and may be formulated as:
min
re
(re)′w (3.17a)
s.t. ‖Σ−1/2(re− r¯e)‖ ≤ δ (3.17b)
Are ≥ 0 (3.17c)
re ≥ 0, (3.17d)
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where the operator ‖·‖ denotes the Euclidean two-norm. Problem (3.17) is a second-order
cone program [11], and its dual may be written as, [11, 43]:
max
k,y,v
(r¯e)′(w−A′k− y)− δv (3.18a)
s.t. ‖Σ1/2(w−A′k− y)‖ ≤ v (3.18b)
k, y, v ≥ 0 (3.18c)
The complete derivation of the dual may be found in appendix B. In the case of second-
order cone programs, strong duality holds, that is, as long as both problems are feasible,
the value of the objective function of the dual problem is equal to the value of the objective
function in the primal problem. Our problem now becomes:
max
w
max
k,y,v
(r¯e)′(w−A′k− y)− δv (3.19a)
s.t. ‖Σ1/2(w−A′k− y)‖ ≤ v (3.19b)
1′w = 1 (3.19c)
w,k, y, v ≥ 0, (3.19d)
which simplifies to:
max
w,k,y
(r¯e)′(w−A′k− y)− δ‖Σ1/2(w−A′k− y)‖ (3.20a)
s.t. 1′w = 1 (3.20b)
w,k, y ≥ 0 (3.20c)
Problems (3.2) and (3.20) are equivalent, but (3.20) constitutes a tractable formulation
that can be easily computed with modern conic optimization software.
An investor may wish to minimize the risk while at the same time demanding a mini-
mum expected return. In that case, we may include a further constraint in the problem:
37
3. CURRENCY PORTFOLIO OPTIMIZATION
E[re] = w′r¯e ≥ rtarget (3.21)
Even though we started from the mean-variance portfolio optimization problem first
described by Markowitz (3.1), we have developed a slightly different robust counterpart for
the currency-only portfolio. While on (3.1) the risk appetite of the investor is defined by
the parameter λ, in the robust formulation (3.2) that is determined by the size of the un-
certainty defined by ω. We now elaborate on the close relationship between mean-variance
and robust optimization. The robust counterpart of problem (3.1) may be described as,
Fabozzi [21]:
max
w
{min
re∈Ξ
{(re)′w} − λ(w′Σw)} (3.22a)
s.t. 1′w = 1 (3.22b)
w ≥ 0, (3.22c)
which may be similarly reformulated as the second order cone program:
max
w,k,y
(r¯e)′(w−A′k− y)− δ‖Σ1/2(w−A′k− y)‖ − λ(w′Σw) (3.23a)
s.t. 1′w = 1 (3.23b)
w,k, y ≥ 0 (3.23c)
Note how this formulation is similar to the original Markowitz mean-variance problem
(3.1). In problem (3.23), however, we penalize the expected returns objective via the
standard deviation of the portfolio returns. This formulation allows for the comparative
construction of efficient frontiers between mean-variance and robust models, by allowing
the investor to have the same risk and return profile. Ceria and Stubbs [15] study the
robust mean-variance problem and compare the efficient frontiers derived from both mod-
els. The advantage of the robust approach is that the parameters determining the size
of the uncertainty sets, as we have seen in the cases of polyhedral and ellipsoidal uncer-
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tainty sets, may be chosen to reflect some probabilistic measures. Note that other classical
mean-variance forms where the returns are maximized subject to an upper bound on the
portfolio variance, or where the latter is minimized subject to a target return may be
similarly modeled using robust optimization.
Maximizing in view of the worst possible outcome of the future returns ensures the
investor with a guarantee that the portfolio value at maturity date will always be at least
as high as the objective value of (3.20). The investor is protected against any depreciation
of the foreign exchange rates that materializes within the uncertainty set, and hence robust
optimization provides guarantees against the currency risk without the need to enter into
any hedging agreement. The main disadvantage of this approach is that it only protects
the portfolio value for fluctuations inside the uncertainty set. If the future spot exchange
rates fall outside this set, robust optimization does not provide any guarantees. In the
next section we present hedging strategies which include investing in forward contracts and
in currency options to hedge against the possibility of the foreign exchange rates falling
outside the uncertainty set.
3.3 Hedging Strategies
Although robust optimization insures the investor against exchange rate fluctuations
within the uncertainty set, the investor is left without any guarantees if the exchange
rates materialize outside the uncertainty set. Insurance against the latter case can be
obtained by using forward contracts or currency options, which allow to lock in a priori
chosen exchange rates.
3.3.1 Forward Contracts
Forwards are one of the most popular hedging instruments. By entering into a forward
agreement today, the investor effectively locks the value of the exchange rate at which he
will buy/sell a determined amount of foreign currency in the future. Both the amount
to be exchanged and the foreign exchange rate are defined today. Forward contracts are
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particularly adequate when we are certain of the foreign amount to be received or paid in
the future, and we wish to reduce the risk associated with variations of the value of the
currency.
Our investor has several investments in different currencies and, apart from relying
on robust optimization, wishes to reduce her risk even further by fixing today the foreign
exchange rate to be applied to those investments in the future. She will buy a forward
contract, which entitles her to sell a certain amount of foreign currency at the specified
exchange rate. Because this is a binding agreement, though she knows with certainty how
much she will receive in domestic currency, she will not be able to benefit from any positive
changes in the foreign exchange rate. In fact, if the foreign exchange rate appreciates
beyond the value of the forward rate, the outcome would be better had no hedging been
done. The problem is then how much to hedge without being over conservative, while still
having some guarantees over the value of the portfolio.
We define the return obtained on a forward contract on the ith currency as rfi = Fi/E
0
i ,
where Fi is the contracted forward rate and E
0
i the current spot rate. Note that, contrary
to the foreign exchange rate returns, the return on the forward rate is known with certainty.
Variable wf represents the weight of the forward contracts in the portfolio. The problem
of robust optimization of a currency portfolio with forward contracts may be formulated
in the epigraph form as:
max
w,wf
φ (3.24a)
s.t. (re)′w + (rf − re)′wf ≥ φ, ∀re ∈ Ξ (3.24b)
wf ≤ w (3.24c)
1′w = 1 (3.24d)
w,wf ≥ 0, (3.24e)
where
Ξ =
{
re ≥ 0 : (re− r¯e)′Σ−1(re− r¯e) ≤ δ2 ∧ Are ≥ 0} .
40
3.3 Hedging Strategies
As a hedging instrument, the forward mirrors any investment that is made in the foreign
currency. If wi is the weight in the portfolio of the ith foreign currency, the weight
of the respective forward contract wfi must not exceed wi, and any amount of foreign
holdings that is agreed on the forward contract will therefore be exchanged at the defined
rate. Any gains occurring in the foreign market from variations in the spot rates will be
disregarded. If no limit is imposed on the amount of forward contracts, the investor would
be speculating on the value of the future spot exchange rate, betting on its depreciation.
In order to honor the agreement, she would then have to buy the foreign currency in
the market at the respective spot rate. We are, however, only interested in its hedging
properties. Also, there are no costs associated with entering into a forward contract.
Constraint (3.24b) is of a semi-infinite type, but thanks to robust optimization, we can
easily find an equivalent expression without the random variables re. We start by writing
the dual of (3.24b):
max (r¯e)′(w−wf −A′k − y) + (rf)′wf − δv (3.25a)
s.t. ‖Σ1/2(w−wf −A′k − y)‖ ≤ v (3.25b)
k, y, v ≥ 0. (3.25c)
As this is a second order cone problem, strong duality holds and we can therefore replace
constraint (3.24b) in problem (3.24) by the respective objective function, yielding the final
formulation:
max
w,wf
φ (3.26a)
s.t. (r¯e)′(w−wf −A′k − y) + (rf)′wf − δ‖Σ1/2(w−wf −A′k − y)‖ ≥ φ (3.26b)
wf ≤ w (3.26c)
1′w = 1 (3.26d)
w,wf ≥ 0, (3.26e)
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The problem can be now efficiently solved by any modern second order cone solver.
While constraint (3.24b) accounts for the worst case portfolio return φ when the cur-
rency returns materialize inside the defined uncertainty set, the investor may seek further
guarantees in the case of a sharp decrease of the returns, that is, when these fall outside
the uncertainty set. To account for this possibility, we may add a new constraint to the
model imposing a minimum return, in this case a percentage ρ of the worst case portfolio
return φ, for the entire support of the currency returns:
(re)′w + (rf − re)′wf ≥ ρφ, ∀re ≥ 0 (3.27)
As before, we can reformulate inequality (3.27) by computing its dual:
max
z
(rf)′wf (3.28a)
s.t. z ≤ (w−wf) (3.28b)
z ≥ 0, (3.28c)
and replacing the semi-infinite constraint by the resulting linear inequality (rf)′wf ≥ ρφ.
So, even in extreme situations of reduced currency returns, the investor is guaranteed to
obtain at least a percentage of the worst case portfolio return thanks to the use of forward
contracts.
A constraint on the desired portfolio return may also be added, in order not to make
the model too risk averse, and to be able to benefit as well from increases in the foreign
exchange rates:
E(re) = (r¯e)′w + (rf − r¯e)′wf ≥ rtarget.
Although a forward contract protects the value of foreign holdings against any unfa-
vorable movement of the foreign exchange rate, it does not allow us to benefit from an
appreciation, as the exchange rate is fixed and the agreement is binding. Options, on the
other hand, are a flexible instrument, as, in exchange for a premium, the buyer is free to
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exercise her right depending on the conditions of the market.
3.3.2 Currency Options
Contrary to forward contracts, options are not a binding agreement. In exchange for a
premium to be paid, the investor may at maturity date not exercise the option, if the
market conditions are not in his favor. Options entitle the investor to a right, and not
to an obligation, to buy (call) or sell (put) a particular asset at a specified strike price
at a certain point in the future [36]. Currency options are similar to other options, but
the strike price considered here is a foreign exchange rate. Buying a put option on EUR
versus USD with a strike price of $1.25 gives the right to transform EUR into USD at the
rate of $1.25 at the maturity date. Whether the investor chooses to exercise the option
will depend on the spot exchange rate at maturity. We consider only European options,
therefore options may only be exercised at maturity.
We assume that for each currency the investor has a set of k available put and call
options with different premiums and strike prices. We denote by Ei the future spot
exchange rate and by Kil the strike price of the lth option on the ith currency. We can
compute the payoff Vil of the lth option on currency i versus the USD as:
V callil = max{0, Ei −Kil} (3.29)
V putil = max{0,Kil − Ei} (3.30)
Assume now that a portfolio is comprised of one unit of currency i and one put option
on currency i with a strike price Kil. At maturity date, the payoff of the portfolio would
be:
Vport = Ei + max{0,Kil − Ei}
= max{Ei,Kil} (3.31)
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Hence, by including a put option corresponding to currency i in the portfolio, we are able to
lock the foreign exchange rate atKil. The aim of including currency options in the portfolio
is therefore to guarantee a minimum return for the extreme cases where the exchange rates
materialize outside the uncertainty set. If the realized exchange rate is higher than the
strike price, the option will not be exercised and the investor may still benefit from the
corresponding appreciation. This flexibility is a differentiating characteristic of options
relative to other instruments such as forward contracts and futures: the latter two are
binding agreements that lock the investor into a predefined exchange rate.
The price of this increased flexibility is the premium of the option, which must be paid
upfront and which is incurred independently from the exercise of the option. Currency
options are priced by the Garman-Kohlhagen model [27], which can be derived from the
Black-Scholes model [9] by assuming that currencies are equivalent to stocks with a known
dividend yield, namely the risk free rate prevailing at the foreign country.
In the subsequent analysis, we follow the notation in Lutgens [46] and the approach in
Zymler et al. [72]. We define as rd the vector of returns and as wd the vector of weights
of the options. If pil is the price of the lth put option on currency i, then its return can
be calculated as:
rdil = max
{
0,
Kil − Ei
pil
}
(3.32)
The value of the future spot exchange rate may be rewritten as a function of the return
on the ith currency rei by taking into account the relationship Ei = E
0
i r
e
i ,
rdil = f(r
e
i ) = max
{
0,
Kil − E0i rei
pil
}
, (3.33)
which leads to a simplified expression, that we will be using in the following formulations
of our model:
rdil = f(r
e
i ) = max{0, ail + bilrei } with ail =
Kil
pil
and bil = −E
0
i
pil
(3.34)
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Similarly, if cil is the price of the lth call option on currency i, its return may be expressed
as:
rdil = f(r
e
i ) = max{0, ail + bilrei } with ail = −
Kil
cil
and bil =
E0i
cil
(3.35)
As in the previous section, our investor wishes to maximize the portfolio return in view
of the worst-case currency returns, while assuming that these will materialize within the
uncertainty set Ξ as defined in (3.16).
max
w,wd
min
re∈Ξ
rd=f(re)
(re)′w + (rd)′wd (3.36a)
s. t. 1′(w+wd) = 1 (3.36b)
w,wd ≥ 0 (3.36c)
Note that the option returns are written as a function of the currency returns. Fol-
lowing the same procedure as in the previous sections, we will reformulate the inner min-
imization problem as a maximization problem by using duality theory. The minimization
problem is concerned with finding the worst-case currency returns:
min
re,rd
(re)′w + (rd)′wd (3.37a)
s. t. ‖Σ−1/2(re− r¯e)‖ ≤ δ (3.37b)
Are ≥ 0 (3.37c)
rd ≥ a+ bre (3.37d)
re, rd ≥ 0, (3.37e)
where a and b are as given in (3.34) and (3.35). The dual of problem (3.37) may be
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formulated as:
max
k,y,u,v
(r¯e)′(w−A′k− y+ b′u)− δv + a′u (3.38a)
s. t. ‖Σ1/2(w−A′k− y+ b′u)‖ ≤ v (3.38b)
u ≤ wd (3.38c)
k, y, u, v ≥ 0 (3.38d)
Strong duality holds as problem (4.9b) is a second-order cone program, which means that
as long as they are feasible, the primal and dual problem have the same objective function
values. Hence, we can replace the inner minimization problem in problem (3.36):
max
w,wd,k,y,u
(r¯e)′(w−A′k− y+ b′u)− δ‖Σ1/2(w−A′k− y+ b′u)‖+ a′u
(3.39a)
s. t. 1′(w+wd) = 1 (3.39b)
u ≤ wd (3.39c)
w,wd, k, y, u ≥ 0 (3.39d)
We have described a model based on two different hedging strategies, where we see
hedging as a policy to reduce or eliminate risk, by making what is uncertain, such as future
returns, more certain. By using robust optimization, the investor is protected against any
depreciation of the foreign exchange rates within the uncertainty set. Adding currency
options to the model provides a “cap” on the value of the future foreign exchange rates.
Our hedging strategy has a portfolio point of view, in that it is not concerned with the
individual depreciation of any particular currency, but looks at the portfolio return as a
whole and provides guarantees to its return. In the event of the foreign exchange rates
materializing outside the uncertainty set, robust optimization provides no guarantees.
However, the put options held in the portfolio guarantee a minimum return given by their
strike price as described in (3.31). Depending on the respective holdings of the put options,
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however, this guaranteed return may not be enough for the investor.
We would like to insure our portfolio further, even in a situation of a sharp depreciation
of the foreign exchange rates, that is, if they were to materialize outside the uncertainty
set. We reformulate our model in order to include an additional constraint guaranteeing a
minimum return, expressed as a percentage of the worst-case portfolio return, for all the
possible values of the currency returns such that re ≥ 0. We change the formulation of
our problem in order to include this new constraint:
max
w,wd,φ
φ (3.40a)
s. t. (re)′w + rd′wd ≥ φ, ∀re ∈ Ξ, rd = f(re) (3.40b)
(re)′w + rd′wd ≥ ρφ, ∀re ≥ 0, rd = f(re) (3.40c)
1′(w+wd) = 1 (3.40d)
w,wd ≥ 0 (3.40e)
We have already seen how to reformulate the inner minimization problem correspond-
ing to constraint (3.40b) as a maximization problem. We will follow the same approach
for constraint (3.40c).
min
re,rd
(re)′w + rd′wd (3.41a)
s. t. rd ≥ a+ bre (3.41b)
re, rd ≥ 0 (3.41c)
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The dual of this linear problem can be formulated as:
max
t
a′t (3.42a)
s. t. w+ b′t ≥ 0 (3.42b)
t ≤ wd (3.42c)
t ≥ 0 (3.42d)
As strong duality also holds for linear problems, we may replace the objective function
of problem (3.42) in our original problem (3.40), already including the reformulation of
constraint (3.40b) as well:
max
w,wd,k,y,u,t
φ (3.43a)
s. t. (r¯e)′(w−A′k− y+ b′u)− δ‖Σ1/2(w−A′k− y+ b′u)‖+ a′u ≥ φ (3.43b)
a′t ≥ ρφ (3.43c)
w+ b′t ≥ 0 (3.43d)
1′(w+wd) = 1 (3.43e)
u ≤ wd (3.43f)
t ≤ wd (3.43g)
w,wd, k, y, u, t ≥ 0 (3.43h)
Note that neither the currency returns nor the currency option returns enter in the final
formulation (3.43). This is a tractable problem which can be solved efficiently by any
second-order cone optimization software.
As before, if the investor wishes to move away from the minimum risk solution, a
constraint on the expected return may be added to the model:
E[re] = w′r¯e ≥ rtarget.
48
3.4 Numerical Results
We have chosen not to include the options return in this constraint as this would cause
a distortion on our solution. On the one hand, our goal when including currency options
is from a hedging strategy point of view, that is, we want to protect the portfolio return
from depreciations in the foreign exchange rates and not to speculate on options. On the
other hand, because options are leveraged assets and we are optimizing in view of the
worst possible outcome of the currency returns, the optimal solution would be to invest
the full budget on “in-the-money” options and not on currencies. Note how the hedging
strategy presented has a portfolio point of view and it does not focus on any individual
currency. The investor does not limit the weights of the currency options to the weights
of the respective currency holdings. The guaranteed portfolio when the foreign exchange
rates materialize outside the uncertainty set is defined by the investor and does not depend
on the individual depreciation of any currency.
In the next section, we present numerical results assessing the performance of the
proposed models.
3.4 Numerical Results
The theoretical framework presented in Sections 3.2 and 3.3 will now be used to compute
optimal currency portfolios based on real and simulated market data. We assume an US
investor who wishes to invest in six foreign currencies: EUR, GBP, JPY, CHF, CAD and
AUD. The models were implemented using the modeling language YALMIP [44] together
with the second-order cone solver SDPT3 [59, 63]. Both the expected returns on the
foreign exchange rates and the covariance matrix are constructed from 7 years of monthly
data between January 2002 and December 2008, see Table 3.1.
We start by studying the composition of the portfolio and the distribution of weights
between currencies, forwards and options for different levels of risk, defined by ω, and
different levels of hedging, defined by ρ.
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Annual Ret. (%) Std. (%) Correl.
EUR 5.64 8.75 1.00
GBP 0.18 7.74 0.77 1.00
JPY 5.32 8.51 0.42 0.16 1.00
CHF 5.52 8.55 0.91 0.69 0.62 1.00
CAD 3.61 7.00 0.56 0.51 0.01 0.41 1.00
AUD 3.43 11.09 0.69 0.65 0.04 0.53 0.78 1.00
Table 3.1: Distributional parameters of monthly currency returns against the USD (Jan-02
to Dec-08)
3.4.1 Portfolio Composition
We first compare the robust model (3.20) with the Markowitz minimum risk model, where
portfolio variance is minimized subject to some lower bound on the portfolio expected
return. In our robust model, the size of the uncertainty set defined by δω, with δ =√
(1− ω)/ω, can be interpreted as a risk measure, namely, the worst-case Value-at-Risk
[18]. It is expected that as ω increases, the risk associated with the portfolio increases as
well. If we measure the risk of the portfolio as its variance, we are able to conclude that
for higher values of ω there is an increased value of the variance of the portfolio. The
portfolio composition of problem (3.20) reflects this increase, as for higher levels of ω the
optimizer concentrates its investment on a single currency. This a similar behavior to the
Markowitz model, with the difference that in this case the focus is not on the currency
with the highest estimated return rate, but on the one with the highest worst case return
rate.
One of the key differences between our robust model and the Markowitz framework
is the triangulation requirement, which restricts the size of the uncertainty set and leads
to less conservative models. In order to assess the impact of this constraint, we build our
matrix A based on the historical means and covariance matrix of the cross exchange rates
over the same period. The cross exchange rates uncertainty set is defined as in (3.14):
Θx = {x ≥ 0 : x¯− fσx ≤ x ≤ x¯ + fσx}, (3.44)
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where f is a scalar which defines the size of the interval in terms of the mean x¯ and
the standard deviation σx of the cross exchange rates. We tested the parameter f ∈
{0.25; 0.5; 1.0; 1.5} for different sizes of the uncertainty set as defined by ω in the robust
model (3.20) and computed the worst-case portfolio return. Results are presented in figure
3.2a. The impact of the triangulation constraint on the portfolio return is closely related
to the size of the uncertainty set defined by the ellipsoid. A tighter constraint, f = 0.25
for instance, implies a less conservative model and a higher portfolio return. For example,
when ω = 0.6, the worst-case portfolio return ranges from 0.9940 to 0.9927, for f = 0.25
and f = 1.5 respectively.
Including forward contracts in the portfolio, according to model (3.26), will contribute
to the reduction of the risk associated with the currency returns, but at the same time, it
may also impair obtaining higher profits. We study how the possibility of buying forwards
affects our portfolio composition and the worst case returns for the different sizes of the
uncertainty set. The certain returns on the forward contracts, assumed to have a maturity
of one month, were calculated based on the interest rate parity relationship:
F
S
= exp[(r − rfc)T ],
that is, as the exponential of the difference between the domestic (r) and the foreign risk-
free interest rates (rfc). With our particular data assumptions, this implies that for some
currencies the forward returns are below 1, i.e., a relative loss for the investor. The non
inclusion of an expected return constraint yields a very conservative portfolio allocation.
Irrespective of the size of the uncertainty set and whether or not there are any limits
imposed on the weight of the forwards, the solver always chooses to invest 100% in a
single currency, the one that offers the highest forward return. The hedge ratio measured
as wf/w is therefore 1.
Adding a target return constraint changes the portfolio allocation considerably, as we
cannot afford anymore to hedge everything, otherwise the target is not met. Everything
agreed in the forward contract will be exchanged at that rate and therefore, we will not be
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able to benefit from any unexpected increases in the foreign rates. We note that imposing
a constraint on the amount of forwards bought only alters the optimal solution for smaller
values of ω, that is, greater uncertainty sets. As the uncertainty set becomes smaller, that
constraint stops being binding. The hedge ratio is always below 1, so we do not protect
the total amount of our foreign holdings against the currency risk. For example, when
f = 1 and ω = 0.6, the solver chooses to invest 21% in EUR and 79% in JPY, but only
61% in forward contracts on the JPY. The hedge ratio for the EUR is 0, while for the
JPY is 77%.
With this data assumption, the forwards have indeed provided a slight improvement
to the worst case return compared to the robust model. For the same uncertainty set, the
model with forwards consistently guarantees a worst case return higher than the robust
model, in the case of ω = 0.6 for example, this difference is about 0.4%. For larger uncer-
tainty sets, this difference is greater, with the model with forwards guaranteeing a positive
worst case return (0.2% monthly for ω = 0.4, f = 1), while the robust model is only able
to guarantee a loss no greater than 1.41%. We have also found that including a further
constraint guaranteeing a return for all the possible values of the currency returns (3.27)
does not translate into a higher worst case portfolio return. The fact that a percentage
of the worst case return must be entirely guaranteed by forward contracts changes the
portfolio allocation and yields in some cases a lower worst case return.
Although providing better results in terms of the risk-return trade off, the inclusion
of forwards in the portfolio has not significantly improved the worst case return relative
to robust optimization. Because options are a more flexible instrument than forwards, we
would like to assess the impact of adding currency options to the portfolio, and how the in-
surance provided by the options relates to the guarantees provided by robust optimization.
We consider 50 put options and 50 call options available in the market, with strike prices
ranging between 75% and 125% of the current spot prices. In the experiments described
below, we include a budget constraint and we do not allow short-selling. Compared to the
robust model, there is a change in the weights allocation between the different currencies,
in favor of the currencies with the highest worst possible returns. In our first set of exper-
iments we have not considered a minimum expected return, and we have studied how the
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worst-case return and the total investment in options changes relative to the size of the
uncertainty set defined by ω. For higher values of ω (that is, smaller uncertainty sets), the
optimal portfolio is comprised mainly of currencies and not of options. As the uncertainty
set increases in size, the percentage allocated to put options reaches almost 20%, with the
remaining budget distributed among the currencies. Protection against the currency risk
in this situation is made through the acquisition of deep “in-the-money” options, while
for small uncertainty sets this is done by currency diversification. The worst-case return
is constant at 1.0025 (annual rate of 3%) for ω ≤ 80%. Investment in options is actively
“capping” the maximum portfolio loss.
We now add an expected return constraint of an annual average return of 5%. Because
this constraint does not include options, a larger percentage must be allocated to foreign
currency holdings to meet this constraint. In this situation, not only is the weight of the
options in the portfolio considerably lower, but also the options chosen to invest on are
“at-the-money”. In contrast to the previous case, the worst-case return degrades to values
below 0, that is, the worst-case implies a loss for the investor of about 3%.
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Figure 3.2: Worst-case returns.
Figure 3.2b shows the trade-off between the two different sets of guarantees provided by
53
3. CURRENCY PORTFOLIO OPTIMIZATION
robust optimization and by the currency options. For the same level of desired hedging of
the currency risk (expressed by parameter ρ) a higher value of ω (i.e., a smaller uncertainty
set) leads to an increase of the worst-case returns. For smaller values of ω, the uncertainty
set converges to the full support of the currency returns, which leads to overly conservative
portfolios. We may then conclude that the worst-case return monotonically increases with
ω. In contrast, for the same size of the uncertainty set ω, a higher level of hedging (given
by ρ) leads to a decrease of the worst-case return. This is because options are expensive
assets, and a higher hedging demand may only be satisfied if at the same time the worst-
case is smaller. Therefore, the worst-case portfolio return has an inverse relationship with
ρ.
The results obtained from our experiments lead us to conclude that the constraint
on the minimum guaranteed return outside the uncertainty set (3.40c) is not a binding
constraint. This conclusion, however, may be flawed due to estimation problems of the
option prices. We have used the Garman-Kohlhagen model [27] to obtain the option
prices. The model assumes that the implied volatility is constant and neither depends on
the strike price of the option nor on its time to maturity. In reality, however, the volatility
depends on the strike price of the option and exhibits what is known as a “smile”, that
is, it is higher for “out-of-the-money” and “in-the-money” options, while it is lower for
“at-the-money” options, [36]. By considering the same volatility for all the 50 strike prices
tested, we underestimate the option prices, thus the model may choose to either invest in
“deep-in-the-money” options or to generally over-invest in options, given their low prices.
This would make the minimum guaranteed return constraint (3.40c) redundant.
3.4.2 Performance Evaluation with Simulated Prices
After we have seen the main features and guarantees provided by each of the proposed
models, we would like to assess their comparative performance under normal market con-
ditions. To that end, we conducted a series of backtesting experiments following a rolling-
horizon procedure, similar to the experiments described in Ceria and Stubbs [15] and
in Kuhn et al. [37]. We generated a time series of the monthly exchange rate returns
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based on the distribution parameters from Table 3.1. Currencies were assumed to follow
a multivariate geometric Brownian motion [36]:
dE
E
= µdt+ σdz, (3.45)
where µ is the rate of return, σ is the volatility of the corresponding foreign exchange rate
and dz is a standard Wiener process. We then generated a number T = 132 of monthly
currency returns:
r˜e = exp
[(
r¯e − (σ
e)2
2
)
t+ 
√
t
]
(3.46)
in accordance with (3.45). Parameters r¯e and σe are the mean returns and the volatility,
respectively, and  are independent and normally distributed variables with zero mean
and covariance matrix Σ. All of our parameters are measured monthly, therefore t = 1.
Every month we compute the estimated average returns r¯e, based on the historical
returns from the previous L = 12 months, and calculate the optimal portfolio weights.
The covariance matrix Σ and the triangulation matrix A are assumed to remain the same
throughout the time series. Each backtest covers a period of T − L = 120 months, over
which the geometric mean return was computed. This procedure was repeated R = 100
times with different random generator seeds, and the performance in terms of final wealth
of the robust model (3.20) was compared to that of the Markowitz minimum risk model.
Results of the test are presented in Table 3.2.
The first column of Table 3.2 represents the size of the interval supporting the cross
exchange rates, followed by the size of the ellipsoidal uncertainty set defined by the pa-
rameter ω, and the annual portfolio return, averaged over the 120 months considered and
the 100 different paths. The last column (Wins-M) indicates the number of times out
of the 100 paths that the robust model performed better in terms of final wealth than
the Markowitz minimum risk model. The minimum risk model does not depend on the
parameters ω and f , and yielded an annual average return of 3.53%. Results show that
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f ω (%) Annual Ret. (%) (%) Wins-M f ω (%) Annual Ret. (%) (%) Wins-M
0.25 30 4.42 78 0.75 30 4.36 68
40 4.44 73 40 4.47 64
50 4.47 70 50 4.59 63
60 4.50 67 60 4.68 64
70 4.51 65 70 4.74 62
80 4.52 64 80 4.81 62
0.5 30 4.17 68 1 30 4.17 68
40 4.24 64 40 4.24 64
50 4.31 63 50 4.31 63
60 4.36 64 60 4.36 64
70 4.37 62 70 4.37 62
80 4.37 62 80 4.37 62
Table 3.2: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk model
on average the robust model outperforms the Markowitz model in over 60% of the cases
considered, with a higher annual average return as well. As the size of the uncertainty set
increases, thus rendering the model more conservative, the percentage of wins increases
up to the maximum of 78%, when ω = 30%. We also note that the “optimal” value of f
appears to be 0.75, as, though the number of Wins relative to the Markowitz model does
not change, the annual average rate of return is at its highest point for all the values of ω
considered.
We followed the same steps described above to assess the performance of the model
when forward contracts are included (3.26). The forward returns were estimated based on
the interest rate parity relationship:
F
S
= exp[(r − rfc)T ].
This ensures that there are no arbitrage opportunities in the market. We have used the
1-month LIBOR rate in USD and in the foreign currencies as an approximation to the
domestic and the foreign risk-free rates, respectively. The forward returns are therefore
the same for all the 100 paths considered. We tested the model for different sizes of the
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ellipsoidal uncertainty set defined by ω, but for the same value of parameter f = 0.75,
as this was the value that provided the best results for the robust model. Results are
presented in Table 3.3.
f ω (%) Annual Ret. (%) (%) Wins-M (%) Wins-R
0.75 30 3.38 42 31
40 3.55 48 38
50 3.73 51 39
60 3.92 55 37
70 4.16 60 47
80 4.43 61 49
Table 3.3: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk model and to the robust model
Because we do not impose any limits on the amount of forward contracts, the solver
may freely choose to buy a forward even when we have no holdings on that particular
currency. To honor the agreement at maturity date, the investor would buy the foreign
currency in the market, at an expected lower rate, and sell it at the contracted forward
rate, thus making a profit. The investor would be actively engaging in short-selling in
this way. We note that for large uncertainty sets, i.e., smaller values of ω, the portfolio
is diversified not only through currency holdings, but also through forward contracts. We
invest in foreign currencies, and complement that investment with forward contracts in
that currency, but also in other currencies for which we have no holdings. By pursuing
this strategy, the investor is seeking an overall risk reduction on the portfolio return, by
using robust optimization and the guarantees provided by forward contracts, and does
not concentrate her hedging efforts on any single currency alone. The hedge ratio varies
among currencies and over time.
We verify a similar pattern for less conservative portfolios. Greater values of ω indi-
cate smaller uncertainty sets and a general lower level of uncertainty. This is reflected in
the corresponding lower weights of the forward contracts, when comparing for example
ω = 0.80 with ω = 0.3. If currencies offer a favorable expected return rate with low uncer-
tainty, there is no need to invest further in forwards and miss on any profit opportunity.
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Investment is therefore mainly concentrated on currencies, with forward contracts on only
one currency with a hedge ratio below 1.
The last two columns in Table 3.3 compare the performance of the model with for-
wards with that of the Markowitz and the robust models. Although yielding an average
annual return higher than the Markowitz model for all values of ω between 0.4 and 0.8,
the forwards model can only guarantee an over performance when ω ≥ 0.5, that is, for
smaller uncertainty sets. The forwards model also underperforms comparatively to the
robust model, both in terms of average annual return as in final wealth, measured by the
percentage of Wins. We believe the reason for this underperformance is related to the
binding nature of the forward contract. While in robust optimization, the guarantees are
given by optimizing for the worst-case returns, with forwards the guarantees are obtained
by entering into an agreement and actively fixing the foreign exchange rate to be applied
in the future. In case of a favorable movement in the foreign exchange rates, the robust
model allows the investor to benefit from that increase, while the forward contract binds
the investor to the agreed rate, which may be lower than the materialized foreign exchange
rate.
The same procedure was followed to assess the hedging model with currency options
(3.43). We tested the more conservative version of this model, by demanding a minimum
return outside the uncertainty set Ξ for all the possible values of the exchange rate returns,
i.e., for all re ≥ 0. For each currency we considered 50 put options available in the market
(25 options in- and out-of-the-money), with strike prices within 1% from each other.
Option premiums were calculated according to the Garman-Kohlhagen model [27], with
the 1-month LIBOR rate as an approximation for the domestic and the foreign risk-free
rates. Results are presented on Table 3.4, where performance comparison is made relative
to the previous models.
The hedging model seems to perform in a similar manner to the forwards model with
average return rates below 4%. The best results are achieved when no guarantee is imposed
for the case where returns may be outside the uncertainty set (ρ = 0), or conversely when
the investor imposes at least 95% of the worst case portfolio return (ρ = 95%). Although
providing additional guarantees relative to the portfolio value, investment in options does
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f ω(%) ρ(%) Annual Ret. (%) Wins-M(%) Wins-R (%) Wins-F(%)
0.75 50 0 3.32 43 5 41
25 3.20 42 22 39
50 3.34 43 21 42
85 3.43 45 27 39
90 3.33 44 32 38
95 3.80 56 38 45
60 0 3.53 48 6 37
25 3.26 41 20 33
50 3.39 42 22 36
85 3.50 44 24 32
90 3.46 42 30 31
95 3.87 49 35 41
70 0 3.82 52 8 41
25 3.21 38 19 31
50 3.31 42 25 32
85 3.38 45 23 31
90 3.42 48 29 34
95 3.82 52 37 40
80 0 4.10 60 18 45
25 3.13 38 17 31
50 3.30 40 25 29
85 3.30 43 28 27
90 3.32 39 28 28
95 3.75 49 38 37
Table 3.4: Annual average return rate, and percentage wins relative to the Markowitz, robust
and forwards models
not seem to give the investor the opportunity for further profits. For all the sizes of the
uncertainty set considered, measured by ω, and hedging guarantees, determined by ρ, the
hedging model always performs below the robust model both in terms of final wealth and
of average return rate.
Option premiums may be the reason behind the low performance of the hedging model.
When ρ = 0, the solver can potentially choose “in-the-money” options, which, though
having a high probability of being exercised, are also very expensive. On the other hand,
when further restrictions are imposed on the portfolio value, ρ > 0, the choice falls on “at-
the-money” options, which, though cheaper, only have a 50% chance of being exercised.
When options are not exercised, the investor bears a loss equal to the premium paid. The
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advantage of using “out-of-the-money” options to insure against the currency risk comes
from the low premiums to be paid when compared to “at-the-money” or “in-the-money”
options. So, while with forwards we obtain a certain return, but we may lose out on any
potential increases in the foreign exchange rates, with options we keep that possibility
open, but we assume a potential loss given the premium paid.
For the simulated experiments presented, option premiums were calculated based on
the Garman-Kohlhagen model [27]. Similar to the Black & Scholes model, the implied
volatility is considered constant and the currency returns are assumed to follow a Brownian
motion. It has been shown that with these assumptions, option prices are underestimated,
meaning that to have the desired guaranteed return, the weight allocated to options would
probably have to be higher than reported in our experiments. In order to overcome this
inaccuracy, we would have to take into account the volatility smile and the respective term
structure. In the next section, we expand on these two concepts and test the performance
of both our models with real market data.
3.4.3 Performance Evaluation with Real Historical Prices
We want to assess the performance of our model under real market conditions by com-
puting the portfolio returns over a long period of time. To this end, we consider the real
currency returns in the period from January 2002 to March 2009 and conduct a backtest
with a rolling horizon of twelve months. Every month we compute the estimated average
returns r¯e, based on the historical returns from the previous twelve months, and calculate
the optimal portfolio weights. The triangulation matrix A is constructed monthly based
on the historical means of the cross exchange rates from the previous twelve months. A
factor of f = 1 is used to weigh the standard deviation, which was assumed constant. The
covariance matrix Σ is also assumed to remain the same throughout the time series. An
expected portfolio return constraint of 5% per year was added. At the end of each month,
the portfolio return is computed based on the materialized returns, and the options are
exercised or left to expiry depending on the spot rate. This procedure is repeated until
March 2009 and the accumulated returns are calculated.
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We note that, although our backtesting experiment is performed out-of-sample, the
covariance matrix is calculated in-sample. Estimating a covariance matrix within the
rolling horizon of twelve months would be very difficult considering that in the case of the
cross exchange rates we have 15 different parameters. While in-sample estimation could
lead to problems of data mining or overly optimistic results, Rapach and Woharb [52]
show that out-of-sample tests are also subject to data mining issues. In fact, there are not
great differences between in-sample and out-of-sample predictability tests. Moreover, as
suggested by Broadie [12], the impact of errors in the estimation of the covariance matrix
in the portfolio return is not significant.
Given that currency options are traded mainly over-the-counter, there are no records
of historical prices, but only of three different volatilities that may be used to construct the
volatility smile and compute the option price. Contrary to the assumptions of the Black
& Scholes and the Garman-Kohlhagen models, the volatility is not constant throughout
the spectrum of the strike prices, but is higher for “out-of-the-money” and for “in-the-
money” options, while it is lower for “at-the-money” options. Moreover, it has been also
verified empirically that options with the same exercise price but with different maturities
exhibit different implied volatilities, designated as the term structure [36]. The probability
distribution of the currency returns, consequently, is not lognormal, but has heavier tails,
making it more likely for extreme variations of the returns. The volatility associated to
a given strike price may be calculated from the volatility smile, for which there is an
approximate expression, Malz [47]:
σ(δ, T ) = σATM,T − 2rrT
(
δ − 1
2
)
+ 16strT
(
δ − 1
2
)2
(3.47)
where
δ = e−rTΦ
[
ln(S/K) + (r − rfc + σ2/2)T
σ
√
T
]
(3.48)
Expression (3.48) corresponds to the delta of a call option and is used in the Garman-
Kohlhagen model. The quadratic approximation to the volatility smile (3.47) includes
three different volatilities: i) σ, corresponding to the implied volatility of an at-the-money
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option (δ = 50); ii) risk reversal (rr), the difference in volatilities between a long out-of-
the-money call option and a short out-of-the-money put option (δ = 25); and iii) strangle
(str), the average of the volatility of two long out-of-the-money call and put options
(δ = 25) minus the volatility of the at-the-money option. The volatility obtained by this
expression can then be used in the Garman-Kohlhagen model to calculate the option price.
The domestic and foreign risk free rates are based on the LIBOR annual rates for the same
period. These were also used to calculate the forward rate returns for the same period
according to the interest rate parity relationship: F/S = exp[(r − rfc)T ].
We have run the robust (3.20), the forwards (3.26) and the hedging (3.43) models over
the period considered, rebalancing the portfolio every month and measuring the cumu-
lative gains for different values of the parameters ω and ρ. As benchmark, we have also
run the Markowitz models with and without considering forward contracts and currency
options. The Markowitz model without options minimizes the variance of the portfolio,
while holding an expected return constraint. When considering options, we maximize the
return with both types of assets, while constraining the expected portfolio return with
currencies only and imposing an upper bound on the variance of the portfolio. This upper
bound corresponds to the minimum variance achieved with the Markowitz model without
options. This way, in both models with options, these are only used as a downside risk
protection.
While the minimum risk model yields an average annual return of 2.8%, the robust
model consistently yields a higher return, from 5.7% (ω = 80%) to 4.1% (ω = 30%). As
the uncertainty set increases the average returns move closer to the values exhibited by the
minimum risk model. Table 3.5 presents the average annual returns obtained for different
sizes of the ellipsoidal uncertainty set combined with different sizes of the box uncertainty
set regarding the triangulation requirement. Note how the inclusion of the triangulation
constraint may render the model less conservative, thus yielding a higher average annual
return. For all the values of ω considered, a tighter constraint with f = 0.25 always
provides a higher average annual return.
The simulation results presented in the previous subsection point towards the poor
performance of the forwards model when compared to the Markowitz and the robust
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f ω (%) Annual Ret. (%) f ω (%) Annual Ret. (%)
0.25 30 5.1 0.75 30 4.1
40 5.2 40 4.2
50 5.3 50 4.3
60 5.3 60 4.3
70 5.4 70 4.8
80 5.5 80 5.7
0.5 30 4.3 1 30 4.1
40 4.4 40 4.2
50 4.4 50 4.3
60 4.4 60 4.3
70 4.8 70 4.8
80 5.7 80 5.7
Table 3.5: Average annual return rates for the robust model for different values of the
parameters ω and f
models. Results with historical prices confirm this conclusion. Table 3.6 present the
average annual return for different values of the parameter f and different sizes of the
uncertainty set ω. While the Markowitz model with forward rates yields an average annual
return of 1.8%, the forwards model achieves a maximum annual return of 3%. Although
the forwards model has a comparatively better performance than the Markowitz model
with forward rates, it still lags behind the robust model. We believe the poor performance
of the forwards model resides in the lack of flexibility of the forwards contract. When
entering into a forward contract, the investor is binding its return to the forward rate, not
being able to benefit from any increases in the foreign exchange rates. By using robust
optimization, however, the investor still guarantees a certain worst-case return, but if the
currency returns change favorably, profits can still be made.
The relative better performance of the robust model is illustrated in figure 3.3a, for
the particular case of ω = 80%. It is able to outperform the Markowitz model with and
without considering forward contracts. The inclusion of forwards in both models does not
seem to provide better results however. Even though it actively protects the portfolio from
a depreciation of the foreign exchange rates, it also impairs any additional profits derived
from an increase in the returns.
Figure 3.3b depicts the accumulated wealth when optimizing the portfolio with options,
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f ω (%) Annual Ret. (%) f ω (%) Annual Ret. (%)
0.25 30 1.9 0.75 30 2.3
40 1.9 40 2.7
50 2.1 50 2.5
60 2.5 60 2.8
70 2.5 70 2.8
80 2.4 80 2.7
0.5 30 0.9 1 30 2.6
40 2.3 40 2.5
50 2.5 50 2.8
60 2.5 60 3.0
70 2.8 70 2.9
80 2.7 80 2.7
Table 3.6: Average annual return rates for the forwards model for different values of the
parameters ω and f
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Figure 3.3: Accumulated wealth over the period from Jan02 to Mar09
taking ω = 80% and ρ = 50%. For this particular parameter choice, the minimum
risk model is dominated by both the robust and the hedging models, while the hedging
model clearly outperforms the robust model, with average annual returns of 17.9% and
5.7% respectively. We note that the minimum risk model with options and the robust
model have a very similar growth pattern with an average annual return of 6.4% and
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5.7%, respectively. This illustrates the risk protection feature of robust optimization by
providing a guaranteed worst-case return, and of currency put options which effectively
“cap” the value of the foreign exchange rate at the respective strike price.
The hedging model (3.43) outperforms the robust model (3.20) for smaller values of
the parameter ρ. Without any restriction on the minimum return guarantees outside the
uncertainty set (3.40c), we may choose expensive, “deep-in-the-money” options, although
only a small number of units. These options will be exercised with high probability and
yield a high return per unit as well. In contrast, as we impose a higher restriction on
the minimum return, that, is, as ρ increases (3.40c), we also choose options less expensive
(i.e.,more “at-the-money”) to be able to buy the necessary number of units to satisfy the
constraint. These options will have a 50% chance of being exercised and therefore returns
are potentially lower. Table 3.7 illustrates this relationship. Note that the high returns
yielded by some of the models are mainly in the same period where most of the currencies
suffered severe losses, that is, from March 2006 onwards. Options may have played an
important role in this period in protecting the portfolio from depreciations of the foreign
exchange rates.
ω (%) ρ (%) Annual Ret. (%) ω (%) ρ (%) Annual Ret. (%)
50 0 17.1 70 0 11.7
10 33.8 10 19.7
20 19.4 20 17.8
30 16.9 30 24.4
40 13.2 40 23.3
50 6.7 50 14.1
60 6.8 60 10.9
70 6.4 70 3.9
60 0 13.9 80 0 14.8
10 24.4 10 10.9
20 29.1 20 14.2
30 22.2 30 27.3
40 15.8 40 26.0
50 8.3 50 17.9
60 9.0 60 7.9
70 7.6 70 7.2
Table 3.7: Average annual return rates for different values of the parameters ω and ρ
The better performance of the hedging and the robust models compared to the Markowitz
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models needs, however, to be seen with caution. Factors such as transactions costs and
the risk of default from the options’ writer, have not been taken into consideration and
may have an impact in the accumulated portfolio wealth. Moreover, we have also not con-
sidered uncertainty in the covariance matrix, which, though maybe not significant, may
also have a negative impact.
3.5 Summary
In this chapter, we apply robust optimization techniques to a currency only portfolio.
We show that, due to the triangular relationship between foreign exchange rates, a new
non-arbitrage constraint must be added to the model, which seemingly renders the model
non-convex. Given that the cross exchange rates do not have an impact on portfolio return,
we may simplify the triangulation constraint by eliminating the variables referring to the
cross exchange rates and obtain a set of linear constraints. We further extend the robust
model to include forward contracts and currency options as a hedging instrument. Due
to their contractual binding nature, forward rates do not seem to perform very well com-
pared to the robust model, whose guaranteed return derives only from the non-inferiority
guarantee. We rely on put options to guarantee a minimum value of the foreign exchange
rates and therefore to provide a “cap” to the worst-case portfolio return. The resulting
model provides the investor with two different sets of complementary guarantees: i) robust
optimization provides a non-inferiority guarantee as long as the realized currency returns
are within the uncertainty set; ii) put options limit the portfolio losses by “stopping” the
depreciation of the foreign exchange up to the value of the strike price.
The backtesting experiments conducted with simulated and real market data seem
to point towards the overall better performance of the robust model when compared to
the Markowitz minimum risk model, the forwards and the hedging model. We observe
that, even though the forwards and the hedging models provide an additional protection
regarding the total portfolio return, they may also limit its potential value. The suggested
approach to the problem of hedging the currency risk has the advantage of being more
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flexible than the standard strategy of individual currency hedging, as it relies on the
overall value of the portfolio, imposing a lower bound on the latter. The investor needs
not worrying about the variation of any particular currency, but instead obtains guarantees
for the portfolio return as a whole.
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The optimization of a currency only portfolio when the currency returns are assumed ran-
dom has already highlighted some of the difficulties posed by this type of problems, namely
when considering the triangulation requirement. We now extend our robust approach to
the consideration of a portfolio with assets denominated in different currencies. We wish
to account for both sources of returns, the local asset and the currency returns, but, as
these are assumed random, the resulting model is bilinear and therefore not convex. We
propose a reformulation of the original problem based on semidefinite programming and
further extend our approach to include hedging instruments such as forwards and quanto
options. Central results from this chapter are discussed in Fonseca et al. [24, 25].
4.1 Problem Description
Our starting point is a US investor who wishes to invest in assets from other countries.
In order to calculate his returns, he must not only take into account the asset returns in
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their domestic currency, but also the returns on the foreign exchange rates. We assume
that there are n available assets in the market, denominated in m foreign currencies. The
current and the future price of the ith asset in its local currency is denoted by P 0i and Pi,
respectively. The local return of asset i is the continuous growth factor rai = Pi/P
0
i . We
denote by Ej and E
0
j the future and the current spot exchange rate of the jth currency,
respectively. Both quantities are expressed in terms of the base currency per unit of
the foreign currency j. The return on a specific currency j is similarly described by
rej = Ej/E
0
j . The total return on any asset i will result from the multiplication of the
local returns rai with the respective currency returns r
e
j .
Before we are able to formulate the optimization model, we need to define an auxiliary
matrix O that assigns to each asset exactly one currency. If we define oij as the ij th
element of O, then we have:
oij =
{
1 if the ith asset is traded in the j th currency
0 otherwise
(4.1)
We define our portfolio return R(w) as ([diag(ra)Ore]′w), where the variable w denotes
the vector of asset weights in the portfolio. In the Markowitz framework [48] we would want
to minimize the portfolio variance (Var[R(w)]), while guaranteeing a minimum expected
return rtarget. The formulation of our problem would be:
min
w
Var[R(w)] (4.2a)
s. t. E[R(w)] ≥ rtarget (4.2b)
1′w = 1 (4.2c)
w ≥ 0 (4.2d)
Considering the currency risk in addition to the asset return risk complicates matters,
as we are multiplying two random variables. Rustem [55] derives the mean and variance
of this quadratic function. Without loss of generality, in our exposition we assume that
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there are no assets in the domestic currency of the investor. Although this does not alter
our discussion, it needs to be taken into account during computation.
4.2 The Robust Counterpart
As we have discussed before, the Markowitz mean-variance framework lacks in robustness,
because it assumes the future returns to be given by the estimated returns with certainty.
If, however, the materialized returns deviate from the estimates, the determined solution
may be far from the optimum or even infeasible. In view of this, we would like to incor-
porate in the model the uncertainty inherent to the estimation of the asset and currency
returns. Robust optimization assumes that the returns are random variables, which may
materialize in the future within a certain interval. This interval, commonly designated as
uncertainty set, reflects the investor’s expectations as to how the returns will behave and
may be constructed according to some probabilistic measures.
We would like to obtain a solution to our problem that satisfies all the constraints, for
all the possible values of the returns within that defined uncertainty set. Hence, we are
interested in the worst-case value of the returns for which the solution is still feasible. The
robust counterpart of the international portfolio optimization model is:
max
w
min
(ra,re)∈Ξ
[diag(ra)Ore]′w (4.3a)
s. t. 1′w = 1 (4.3b)
w ≥ 0 (4.3c)
where we defined the uncertainty set Ξ as:
Ξ =
{
(ra, re) ≥ 0 : Are ≥ 0 ∧
([
ra
re
]
−
[
r¯a
r¯e
])′
Σ−1
([
ra
re
]
−
[
r¯a
r¯e
])
≤ δ2
}
(4.4)
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The uncertainty set Ξ defined in (4.4) results from the intersection of two different sets.
The risk associated with the asset and the currency returns is expressed by the uncertainty
set:
Ξˆ =
{
(ra, re) ≥ 0 :
([
ra
re
]
−
[
r¯a
r¯e
])′
Σ−1
([
ra
re
]
−
[
r¯a
r¯e
])
≤ δ2
}
, (4.5)
where we assume that Σ is positive definite. This reflects the idea of a joint confidence
interval, where deviations of the returns from their expected values r¯a and r¯e are weighted
by the covariance matrix Σ. Note that Σ does not refer only to the relationship between
assets, but also between assets and currencies, and between currencies. Indeed, assets and
currencies are not thought of as different and separate entities, but their correlation is
taken into consideration when optimizing for the optimal portfolio weights:
Σ =
[
Σra Σrare
Σ′rare Σre
]
(4.6)
While the covariance matrix is also subject to uncertainty, its estimation is easier and
more accurate than the returns estimation. Furthermore, it has been shown that mean-
variance problems are much more sensitive to errors in the estimation of the returns and
that no significant impact can be made by improving the estimation of the correlations
and standard deviations [12, 21]. We have therefore assumed, both in the formulation of
our models and in the numerical experiments, a constant covariance matrix.
The linear system of inequalities Are ≥ 0 reflects the triangular relationship between
the foreign exchange rates, which must be respected at all times in an arbitrage-free
market. When considering that the foreign exchange rate returns may be within a specific
interval, we must ensure that the corresponding cross-exchange rate returns are also within
adequate intervals. With m foreign currencies in the model, the number of cross exchange
rates is m(m − 1)/2. If we define as Xjk the future cross exchange rate between Ej and
Ek, that is, Xjk is the number of units of currency j that equals one unit of currency k,
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then:
Ej · 1
Ek
·Xjk = 1 (4.7)
Analogously to section 3.2, X0jk denotes the current spot cross exchange rate, while xjk
is the return on the cross exchange rate, that is, Xjk/X
0
jk. We may modify this equation to
express the future exchange rates in terms of the currency returns and the spot exchange
rates:
E0j r
e
j ·
1
E0kr
e
k
·X0jkxjk = 1
⇔ [E0j ·
1
E0k
·X0jk] · [rej ·
1
rek
· xjk] = 1
⇔ rej ·
1
rek
· xjk = 1
Including this constraint, however, will make problem (4.3) nonconvex. Recall that al-
though we need to model and estimate the future returns of the cross exchange rates, they
do not impact our objective function. In fact, their only effect is to constrain further the
uncertainty set (4.4) originally defined for the exchange rates. We express the uncertainty
associated with the returns of the cross exchange rates as intervals centered at the esti-
mated values, and subsequently make use of the triangular relationship to simplify the
expression and eliminate the cross exchange rate returns from the model. Let us assume
the cross-exchange rate returns xkj are between a lower and an upper bound, then:
L ≤ xkj ≤ U
⇔ L ≤ rej/rek ≤ U
⇔ Lrek ≤ rej ≤ Urek, (4.8)
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which can be expressed as a linear system of inequalities, with matrix A as the respective
coefficient matrix.
However, the triangulation requirement is not the only source of nonconvexities in our
initial problem formulation (4.3). Recall that we are multiplying two different sources
of returns: the local asset and the currency returns. A common approximation to this
problem, initially proposed by Eun and Resnick [20], is to consider the total return on
assets as the sum between the local asset returns and the currency returns. In the following
subsection, we present an alternative semidefinite programming approach, where a linear
function is maximized subject to the constraint that an affine combination of symmetric
matrices is positive semidefinite [64].
4.2.1 Semidefinite Programming Approximation
We start by rewriting our robust problem (4.3) in the epigraph form:
max
w,φ
φ (4.9a)
s. t. [diag(ra)Ore]′w − φ ≥ 0, ∀(ra, re) ∈ Ξ (4.9b)
1′w = 1 (4.9c)
w ≥ 0, (4.9d)
Also, we rewrite the constraints that define the support of our uncertain returns in the
form:
Ξ = {ξ ∈ Rk : e′1ξ = 1, ξ′Wlξ ≥ 0, l = 1, . . . , t}, (4.10)
where e1 is a basis vector in Rk whose first element is 1 and all the others 0. This
construction guarantees that the first component of the vector ξ is equal to 1.
We show how to replace the semi-infinite inequality constraint (4.9b) by a linear matrix
inequality, using the following result [3]:
74
4.2 The Robust Counterpart
Lemma 1. (S-lemma) Given two symmetric matrices W and S of the same size and
assuming the inequality ξ′Wξ ≥ 0 is strictly feasible, that is, ξ¯′Wξ¯ > 0 for some ξ¯ ∈ Rk,
then the following equivalence holds:
[
ξ′Wξ ≥ 0⇒ ξ′Sξ ≥ 0]⇔ ∃λ ≥ 0 : S  λW. (4.11)
Symbol  indicates that the matrix is positive semidefinite.
Lemma 2. (Approximate S-lemma) Consider t symmetric matrices Wl with l = 1, . . . , t
and the following propositions:
(i) ∃λ ∈ Rt with λ ≥ 0 and S−∑tl=1 λlWl  0;
(ii) ξ′Sξ ≥ 0, ∀ ξ ∈ Ξ := {ξ ∈ Rk : e′1ξ = 1, ξ′Wlξ ≥ 0, l = 1, . . . , t}.
For any t ∈ N, (i) implies (ii).
The proof of Lemma 2 follows along similar lines as Proposition 3.4 in Kuhn et al.
[38].
Proof. For any ξ ∈ Ξ, proposition (i) implies that:
ξ′
[
S−
t∑
l=1
λlWl
]
ξ ≥ 0 (4.12)
⇔ ξ′Sξ −
t∑
l=1
λlξ
′Wlξ ≥ 0 (4.13)
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Because λ ≥ 0 and ξ′Wlξ ≥ 0 for all ξ ∈ Ξ, statement (ii) follows:
ξ′Sξ ≥ ξ′Sξ −
t∑
l=1
λlξ
′Wlξ ≥ 0 (4.14)
Starting from the uncertainty set Ξˆ in (4.5), we define an equivalent constraint of the
form ξ′W1ξ ≥ 0, where:
ξ =
 1ra
re
 , W1 = [(δ2 − [r¯a′ r¯e′]Σ−1 [r¯a′ r¯e′]′) [r¯a′ r¯e′]Σ−1
Σ−1
[
r¯a′ r¯e′
]′ −Σ−1
]
A naive incorporation of the triangulation constraint into the new semidefinite pro-
gramming (SDP) model would imply constructing as many different symmetric matrices
as the number of constraints, that is, rows in matrix A. We can reduce the number of
constraints by expressing the pair of inequalities (4.8) as a quadratic constraint. We define
mc as the midpoint between Lr
e
k and Ur
e
k, that is, mc = (U + L)r
e
k/2. We note that:
Lrek ≤ rej ≤ Urek (4.15a)
⇔ Lrek −mc ≤ rej −mc ≤ Urek −mc (4.15b)
⇔ L− U
2
rek ≤ rej −mc ≤
U − L
2
rek (4.15c)
⇔ |rej −mc| ≤
∣∣∣∣(U − L2
)
rek
∣∣∣∣ , (4.15d)
where the operator | · | denotes the absolute value. By squaring expression (4.15d) and
replacing mc by its definition, we may further simplify it to:
−UL(rek)2 − (rej )2 + (U + L)rekrej ≥ 0. (4.16)
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For each pairwise inequality in rej and r
e
k, we define the set of constraints ξ
′Wlξ ≥ 0, for
l = 2, . . . , t, where:
Wl =
0 0 00 0 0
0 0 Ωe
 , (4.17)
with
Ωe = −(UL)ekek′ − ejej ′ + 1
2
(U + L)ejek
′ +
1
2
(U + L)ekej
′, (4.18)
where ek, ej are the canonical basis vectors in Rm.
We are now able to apply Lemma 2 and replace the inequality constraint (4.9b) in
our original problem with a linear combination of matrices constrained to be positive
semidefinite:
max
w,λ,φ
φ (4.19a)
s. t. S−
t∑
l=1
λlWl  0 (4.19b)
1′w = 1 (4.19c)
w,λ ≥ 0 (4.19d)
where:
S =
−φ 0 00 0 12diag(w)O
0 12O
′diag(w) 0

The reformulated problem (4.19) on the decision variables w and λ constitutes a
conservative approximation, that is, it provides a lower bound to our original problem (4.9).
A similar procedure to compute lower bounds has been suggested by Shor and others, see
[64]. Although of increased complexity, our formulation allows for the consideration of
the multiplicative term in the total portfolio return, thus not assuming the independence
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of assets and currencies returns. The consideration of the correlation between assets and
currencies may be of importance, as this value is in some cases not at all negligible. Table
D.1 included in appendix D shows the correlation coefficients between world indices and
their respective currencies for the period February 2000 to September 2008, which confirms
their relevance. Moreover, the semidefinite program is a convex optimization problem, as
both its objective function and constraints are convex. We have therefore eliminated the
intractability issues in our model and we are able to solve it efficiently with a modern
semidefinite programming solver such as SDPT3 [59, 63].
Our investor may also wish to add a further constraint to guarantee a minimum ex-
pected return. Recall that we are multiplying two random variables, and without any
further assumptions, the expected value of the product of two random variables is not
necessarily the product of each variable’s expected value. Rustem [55] provides a com-
putationally tractable approach to evaluate the mean and variance of the product of two
random variables. We follow his approach to compute the expected value of the portfolio:
E([diag(ra)Ore]′w) ≥ rtarget (4.20a)
⇔ [diag(r¯a)Or¯e]′w + 1
2
trace(ΣΩ) ≥ rtarget (4.20b)
where
Ω =
[
0 diag(w)O
O′diag(w) 0
]
Maximizing the portfolio return in view of the worst possible outcomes of the asset and
the currency returns ensures that the investor receives a guaranteed wealth at maturity
date. In fact, as long as any variation of the asset and the currency returns stays within the
boundaries of the uncertainty set Ξ, the investor will obtain a portfolio return higher than
(or in the worst case equal to) the value of the objective function determined in (4.19) —
that is the non-inferiority property of robust optimization. A disadvantage of the proposed
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robust optimization approach is that it provides a guarantee only inside the uncertainty
set, while no insurance is provided if the returns materialize outside the uncertainty set.
In the next section, we introduce two different hedging instruments, forward contracts
and quanto options, as another investment alternative. These will provide the investor
not only with an opportunity for an additional profit, but also with a protection against
both a depreciation of the foreign exchange rates and a decrease of the local asset returns.
4.3 Hedging
Robust optimization provides a guaranteed minimum portfolio return as long as the re-
turns remain within the uncertainty set considered. Unless the worst case materializes,
the investor will always obtain a better portfolio return. Forward contracts and options
may provide additional guarantees as they allow the investor to lock in a specific foreign
exchange rate or asset price.
4.3.1 Forward Contracts
Additionally to robust optimization, the investor may seek further guarantees in the form
of a forward contract, where she agrees today on a certain amount to be exchanged at a
defined foreign exchange rate. This is a binding agreement, and, though providing certain
guarantees, it can never fully hedge the portfolio return, as we do not know a priori the
value of the foreign assets holdings in the future. This value depends on the particular
evolution of the local asset returns. We define the return on the forward agreement as
rf = F/E0, where F is the contracted forward rate and E0 the current spot rate. Note
that, contrary to the local asset and foreign exchange rate returns, the return on the
forward rate is known with certainty. Vector wf represents the decision of how much to
buy from a forward contract on any of the available currencies. The international portfolio
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optimization model with forwards may be written as:
max
w,wf
min
(ra,re)∈Ξ
[diag(ra)Ore]′w+ (rf − re)′wf (4.21a)
s.t. 1′w = 1 (4.21b)
w,wf ≥ 0 (4.21c)
where we defined the uncertainty set Ξ as before:
Ξ =
{
(ra, re) ≥ 0 : Are ≥ 0 ∧
([
ra
re
]
−
[
r¯a
r¯e
])′
Σ−1
([
ra
re
]
−
[
r¯a
r¯e
])
≤ δ2
}
(4.22)
When agreeing on a forward, the investor must specify the amount of foreign currency
that she wishes to sell. That amount will be exchanged at maturity date at the defined
forward rate and the rest of the amount, if it exists, will be translated back to the domestic
currency at the current spot rate. If, on the contrary, the agreed amount is greater than
the foreign holdings due for example to a unexpected decrease in the local asset returns,
the investor must buy the remainder amount in the market in order to honor the contract.
In formulation (4.21), no limits were imposed on the amount of forwards contracted. To
avoid being too conservative and to allow a gain from a potential increase in the currency
return, we could restrict the weight of the forwards in the portfolio wf to:
1. The amount of foreign holdings at current time: wf ≤ O′w
2. The expected value of the foreign holdings: wf ≤ O′diag(r¯a)w
3. The worst case value of the foreign holdings: wf ≤ O′diag(ra)w, ∀ra ∈ Ξa
While the first two alternatives offer no difficulties in implementation, the third constraint
is of a semi-infinite type. With the help of robust optimization techniques, we are able
to reformulate the constraint in a tractable way. We start by noting that we can write
the constraint above for each of the weights wfi of the ith currency as the minimization
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problem:
min
ra
O′idiag(w)ra − wfi (4.23a)
s.t. (ra− r¯a)′Σ−1a (ra− r¯a) ≤ δ2a (4.23b)
ra ≥ 0 (4.23c)
This is a second order cone program, and in that case strong duality holds. This means
that we can compute the dual and replace the semi-infinite constraint by the value of the
objective function of the dual problem as below:
max
y
(r¯a)′[diag(w)Oi − y]− δav − wfi (4.24a)
s.t. ‖Σ1/2a (diag(w)Oi − y)‖ ≤ v (4.24b)
y ≥ 0 (4.24c)
The objective function may be reformulated as before with the help of Lemma 2:
[diag(ra)Ore]′w + (rf − re)′wf ≥ φ (4.25a)
⇔ [diag(ra)Ore]′w − (re)′wf + (rf)′wf − φ ≥ 0 (4.25b)
⇒ ξ′Sξ ≥ 0, (4.25c)
where
ξ =
 1ra
re
 and S =
((rf)′wf − φ) 0 −12(wf)′0 0 12diag(w)O
−12wf 12O′diag(w) 0
 (4.25d)
The uncertainty set has not changed, therefore the W-matrices remain the same.
With the above reformulations in place, and taking yi as the ith column of matrix Y ,
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we rewrite our final problem as:
max
w,wf ,λ,y,φ
φ (4.26a)
s.t. S−
t∑
l=1
λlWl  0 (4.26b)
(r¯a)′[diag(w)Oi − yi]− δa‖Σ1/2a (diag(w)Oi − yi)‖ − wfi ≥ 0, ∀ i = 1, . . . ,m
(4.26c)
1′w = 1 (4.26d)
w,wf , λ, Y ≥ 0 (4.26e)
Again, we may also impose a constraint on the desired expected return to avoid being over
pessimistic in our portfolio allocation:
E([diag(ra)Ore]′w+ (re− rf)′wf) ≥ rtarget (4.27a)
⇔ [diag(r¯a)Or¯e]′w + 1
2
trace(ΣΩ) + (r¯e− rf)′wf ≥ rtarget (4.27b)
where
Ω =
[
0 diag(w)O
O′diag(w) 0
]
.
Assuming that the forward return would usually have a value below the expected currency
return but above the worst case, without this constraint and since we are maximizing the
return for the worst possible outcome, the optimal solution would be to invest as much as
possible in forward contracts.
The main disadvantage of using forwards as a hedging instrument is their lack of
flexibility. Since the investor cannot move away from the agreed contract, if the spot rate
increases beyond the agreed forward rate, she will overpass on the opportunity for a higher
return. Hedging, as such, does not guarantee a better return, and in some cases, may even
lead to a worse outcome than with no hedging at all. Options, on the other hand, offer
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the investor the possibility of not exercising her rights if the situation in the market is in
her favor.
4.3.2 Quanto Options
In the international portfolio optimization literature, the hedging instrument typically
used is the forward contract, despite this being a binding agreement where a specific
amount of money will be exchanged, thus not offering the investor any flexibility. Recent
works now study the performance of options as a hedging instrument [61, 62].
Options are a flexible instrument as they give their buyer the right but not the obli-
gation to buy (call) or sell (put) another asset, called the underlying, at a future date for
a specified price, the strike [36]. While Giddy [29] argues that options are a better suited
instrument when the amount to be received in the future is uncertain, Steil [58] states
that in the case of foreign investments, currency options are not suitable as the underly-
ing asset does not correspond to the contingency that we wish to hedge against. In an
international portfolio, if the investor wishes to be protected against both depreciations of
the foreign exchange rate and losses in the value of the assets, he would have to buy both
currency and equity options. We propose to use quanto options to overcome these issues.
Quanto options or “quantity-adjusting options” are mostly used in foreign exchange mar-
kets, where the price of an underlying asset needs to be converted into another currency
at a fixed guaranteed rate, [68]. In a study by Ho et al. [35], it is shown that quanto
put options provide a better downside protection as they take into account the correlation
between the asset and the foreign exchange rate.
In our modeling framework, we follow the approach suggested by Zymler et al. [72].
We define the payoff of a quanto put option Q as the difference between the strike price
K and the spot price of the underlying asset P at maturity date, translated to the base
currency of the investor at a specified exchange rate E¯:
Q = max
{
0, E¯(K − P )} (4.28)
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Note that both the strike price K and the price of the asset P are denominated in foreign
currency and translated at the fixed foreign exchange rate E¯ expressed in units of the
base currency per unit of the foreign currency. The exchange rate chosen is usually the
forward rate with the same maturity as the option. The options considered have the same
maturity as the portfolio rebalancing period, one month. In 1992, Reiner [53] formally
derived a pricing formula for quanto options in the domestic currency, based on the same
assumptions as the Black & Scholes model [9]. The key aspect of his formulation lies in
the inclusion of the correlation coefficient ρ between the foreign equity and the exchange
rate. We define the premium pq of a quanto put option with expiration date in T periods
of time as:
pq = E¯
{
Ke−rTN(σs
√
T − d1)− Pe(rf−r−ρσsσfx)TN(d1)
}
(4.29)
where:
d1 =
log (P/K) + (rf − ρσsσfx + σ2s/2)T
σs
√
T
, (4.30)
σs and σfx denote the standard deviation of the asset price and the foreign exchange rate
respectively, N(·) is the standard normal distribution, and r and rf are the domestic and
the foreign risk-free rate respectively. We concentrate solely on the payoff and pricing
functions of put options, as our model will only include put options. The inclusion of call
options could easily be done following the same approach as for put options. Because we
are interested in the potential hedging benefits of options, we choose to include only put
options.
In order to include quanto options in our robust optimization model, we define as rqij
the return on the jth quanto option on the ith foreign asset, given that there are k options
available for each asset:
rqij = max
{
0,
E¯ (Kij − Pi)
pqij
}
(4.31)
for ease of notation, we assume that each asset has the same number of options available
in the market. The future spot price Pi of the underlying asset may be rewritten as a
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function of the return on the ith asset rai and the asset’s spot price P
0
i :
rqij = max
{
0,
E¯
(
Kij − P 0i rai
)
pqij
}
(4.32)
As in the previous section, we wish to maximize our portfolio return in view of the
worst-case of the asset and the currency returns, assuming that these will materialize in
the uncertainty set defined in (4.4). A new vector of weights wq defines the percentage of
the budget allocated to quanto put options. We formulate our hedging model as:
max
w,wq ,φ
φ (4.33a)
s. t. [diag(ra)Ore]′w + rq′wq − φ ≥ 0, ∀(ra, re) ∈ Ξ, rq = f(ra) (4.33b)
1′w+ 1′wq = 1 (4.33c)
w,wq ≥ 0 (4.33d)
Note that rq is interpreted as a vector. Writing the return on the quanto options rq as a
function f(·) of the local asset returns ra, implies that constraint (4.33b) must be satisfied
for all the random returns in Ξ, plus:
rqij ≥
E¯
(
Kij − P 0i rai
)
pqij
, ∀ i = 1, . . . , n, ∀ j = 1, . . . , k (4.34)
rqij ≥ 0, ∀ i = 1, . . . , n, ∀ j = 1, . . . , k (4.35)
Again, we will use Lemma 2 to derive an equivalent tractable formulation to the
hedging problem (4.33). As in section 4.2.1, we rewrite the constraints referring to the
quanto options in the quadratic form:
ξ′qWlξq ≥ 0, with l = 1, . . . , 2(kn),
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where the vector ξq is augmented by the variables r
q:
ξq =
[
1 ra re rq
]′
.
Note that there are k options for each of the n assets, and that for each option a sym-
metric matrix W on the returns and on the non-negativity constraint must be considered.
Therefore the total number of new matrices to be introduced in the model amounts to
2(kn). Given that the vector ξq has been augmented by (kn) new variables, the sym-
metric matrices regarding the uncertainty set (4.4) must also reflect this change and be
augmented by (kn) rows and columns.
With these additional matrices, we are now able to replace the semi-infinite inequality
(4.33b) in our hedging model (4.33) with a linear combination of matrices constrained on
their positive semidefiniteness:
max
w,wq,λ,φ
φ (4.36a)
s. t. S−
t∑
l=1
λlWl  0 (4.36b)
1′w+ 1′wq = 1 (4.36c)
w,wq, λ ≥ 0 (4.36d)
where:
S =

−φ 0 0 12(wq)′
0 0 12diag(w)O 0
0 12O
′diag(w) 0 0
1
2w
q 0 0 0

Note that the consideration of a large number of options may result in numerical problems
during computation, as for each option considered, we include two new matrices Wl.
Moreover, increasing the number of matrices can have an adverse effect on the quality of
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the approximation to the optimal solution. Since we are using the Approximate S-lemma,
the solution we obtain is only an approximation to the original problem. The greater
the number of matrices involved in the description of the uncertainty set, the worse the
computed approximation will be.
As before, we could also include a constraint on the expected portfolio return:
E([diag(ra)Ore]′w) ≥ rtarget (4.37)
We do not include the option returns in this constraint, as we are only interested in their
hedging potential and not on speculating with options. Given their leverage effect and
the fact that we optimize for the worst-case of the currency and the asset returns, if no
restrictions were set on the options’ weight, the optimal solution would be to invest the
full budget on “in-the-money” options. Note that the total return of the put option is
actually inverse related to the asset returns, so that when we maximize the portfolio return
for the worst-case of the asset and the currency returns, the best choice is to invest in the
put options with the highest strike price. This will increase the numerator in (4.34) and
therefore the possibility of higher returns, if the option is exercised. With our approach
however, the investor guarantees a certain expected portfolio return resulting from the
asset returns and is able to invest the remaining budget in options, if that is the optimal
solution.
In model (4.36) we use options as an additional means to optimize for the worst-case
return within the uncertainty set. We now elaborate a model where options are used in
order to limit the investor’s exposure to market realizations outside the uncertainty set:
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max
w,wq ,φ
φ (4.38a)
s. t. [diag(ra)Ore]′w − φ ≥ 0, ∀(ra, re) ∈ Ξ (4.38b)
[diag(ra)Ore]′w + rq′wq − βφ ≥ 0, ∀ra, re ≥ 0, rq = f(ra) (4.38c)
1′w+ 1′wq = 1 (4.38d)
w,wq ≥ 0, (4.38e)
Constraint (4.38c) imposes the portfolio value comprised of both assets and options to be
greater than a percentage β of the worst-case return, when the random returns materialize
outside the uncertainty set. While robust optimization provides a guaranteed worst-case
return φ, as long as the returns occur in the future inside the uncertainty set, no guarantee
is given when that does not happen. Constraint (4.38c) ensures that whatever the future
value of the returns, the investor will achieve a portfolio return of at least a percentage β
of his worst-case return φ.
By investing in put options, the investor is able to lock in a certain price of the
underlying asset denominated in his domestic currency. In the case of foreign assets,
the exchange risk is effectively eliminated by considering a fixed foreign exchange rate in
which to translate the respective payoff. Depending on the total investment in options,
in particular relative to the amount invested in foreign assets, the investor may benefit
from an increased protection even when the asset returns fall outside the uncertainty
set considered. In the next section, we perform a series of experiments involving the
implementation of both the robust and the hedging models.
4.4 Numerical Results
The theoretical framework developed in the previous sections will now be used to compute
optimal solutions to our international portfolio model. We start by studying the portfolio
composition and the impact of considering either forwards or options in the expected
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portfolio return. In section 4.4.2, we conduct a series of experiments with simulated data
in order to comparatively assess the performance of all the proposed models, while in
section 4.4.3 we use historical market data. The models were implemented in YALMIP
[44] and solved with the semidefinite programming solver SDPT3 [59, 63]. Results were
based on statistical data in the period from December 2001 to January 2011 for the MSCI
Indices Euro, UK, USA, Japan, Brazil and China, and their respective currencies, see
table 4.1.
MSCI Indices Annual Ret. (%) Std. (%)
China 18.99 29.31
Euro 0.40 20.03
Japan -0.54 18.25
UK 4.11 15.18
Brazil 23.05 24.88
USA 2.53 16.39
EUR 4.44 8.87
GBP 1.11 8.17
JPY 3.40 8.19
BRL 2.61 14.12
CNY 2.28 1.27
Table 4.1: Annual return rate and standard deviation of the MSCI Indices (Dec-01 to Jan-11)
4.4.1 Portfolio Composition
As a starting point, we would like to measure the impact of the size of the uncertainty
set on the chosen assets and then assess how the introduction of forward contracts and
options influences these choices.
We first compare the portfolio composition between the Markowitz model (4.2) and
the robust model (4.19). We find that both models invest in the same assets, but with
different weights. We also measure the impact of increasing the size of the uncertainty set
on the worst-case return in the case of the robust model, see Figure 4.1a. As expected,
the higher the value of δ, the smaller the worst-case return, that is, our robust model is
only able to guarantee the investor with a smaller return. We also note that when an
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expected return constraint is included, as in Figure 4.1b, the worst-case return is smaller.
This difference is more accentuated for higher values of δ. As we now impose a return
constraint, weights are allocated differently in order to satisfy this constraint, therefore
the optimizer is not able to guarantee the same return anymore.
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Figure 4.1: Relationship between worst-case returns and parameter δ
Model (4.26) includes investment in forward contracts as an additional guarantee for
the investor. As mentioned, when entering into a forward contract, it is necessary to
specify the amount of foreign currency to be exchanged. We have proposed three different
constraints in order to determine this amount, apart from having no restriction at all. We
have found, however, no significant differences in terms of worst-case return between these
alternatives, and also that the hedge ratio, defined as wf/w is always below or equal to
one. The amount contracted in the forward is always less than or equal to the amount
we hold of that respective foreign currency. With no constraint imposed on the expected
return, the solver chooses only two assets denominated in two different currencies. While
for one currency, no amount of forwards is bought, for the other currency the hedge ratio
is about 86%. This means that the solver effectively accounts for the fact that amounts
exchanged at the forward rate will be missing out on potential increases of the foreign
exchange rate.
Figure 4.1 depicts the effect of including forwards in the portfolio with and without
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an expected return constraint, figures 4.1a and 4.1b respectively. We note how the model
with forwards provides a higher worst case return than the robust model, confirming the
hedging potential of forward contracts. This effect is more noticeable for greater values
of δ. There is almost no difference between the two curves when an expected return
constraint is added. In this case, the weight allocated to forwards is considerably less, as
the model needs to guarantee a certain return in the future. While with no target return
the hedge ratio was about 86%, it has now been reduced to 37%. The choice of which
currencies to hedge has also changed in favor of the one with the highest forward return.
Note that in these experiments, we have considered a value for the forward returns smaller
than the expected currency returns.
We now include a further guarantee for the investor in the form of options, and assess
how that impacts the portfolio composition. We have included five different options for
each asset: simple put options for the domestic assets and quanto put options for the
foreign assets. The considered strike prices are at the maximum distance of 10% from the
current spot price of the underlying asset, and are equidistant from each other. We have
therefore included two options “in-the-money”, two options “out-of-the-money”, and one
option “at-the-money”. The option prices are calculated according to the pricing formula
proposed by Reiner [53] in the case of quanto options, see Section 4.3.2. Standard put
option prices were calculated according to the Black & Scholes model [9].
Figure 4.1 depicts the impact of a larger uncertainty set, that is, higher values of δ,
on the worst-case portfolio return, when options are included as an alternative investment
strategy. The first thing to note is that the worst-case return with options in the portfolio
is always higher than or equal to the one without options and to the one with forwards,
irrespective of the size of the uncertainty set. Investing in options thus provides an addi-
tional guarantee in the form of a lower bound on the portfolio value. Because we do not
impose any restriction on the hedging strategy, options may be bought even when there
are no portfolio holdings on the respective underlying asset. In the case of our particular
data set and if we do not consider a constraint on the expected return, the weight allocated
to put options decreases for larger uncertainty set sizes, from 28%, when δ = 0.5, to 15%
when δ = 4.5, concentrating on “in-the-money” put options. Also, if we add an expected
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return constraint, investment in options decreases considerably, weighing only about 1%
of the portfolio. Moreover, the options chosen to invest in are either “at-the-money” or
“out-of-the-money”, given that additional resources have to be allocated to the assets in
order to satisfy the expected return constraint.
The choice for “in-” and “at-the-money” put options, though it may seem surprising,
can be explained by the fact that we are not optimizing for the worst-case of the options
returns but only for the worst-case of the assets and the currencies returns. If that was the
case, the optimal put option would have a strike price equal to or very close to the worst-
case asset price. With our formulation, the chosen options provide not only a hedging
guarantee, but also a profit opportunity.
4.4.2 Performance Evaluation with Simulated Prices
Controlled experiments with simulated data will allow us to conclude on the comparative
performance of the models proposed. In order to reflect normal market conditions, we
generate several price paths under a multivariate geometric Brownian motion [36]:
dP
P
= µdt+ σdz, (4.39)
where µ is the rate of return, σ is the volatility of the corresponding price and dz is a
standard Wiener process. Our procedure will run as follows:
1. Generate a number T of monthly local asset and currency returns r˜i using:
r˜i = exp
[(
r¯i − (σ
i)2
2
)
t+ 
√
t
]
(4.40)
in accordance with (4.39). Parameters r¯i and σi are the mean returns and the
volatility, respectively, and  are independent and normally distributed variables with
zero mean and covariance matrix Σ. All of our parameters are measured monthly,
therefore t = 1.
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2. Calculate the return estimates based on the past returns, assuming an estimation
window of L months. We assume the covariance matrix remains the same throughout
the backtesting period, as well as the interval in which the cross exchange rate returns
are expected to materialize in the future.
3. Compute the forward returns based on the interest rate parity relationship [36]:
F = Ee(r−rf )T , where r and rf are the domestic and the foreign risk-free rates,
respectively.
4. Consider five different options for each of the assets in the portfolio and compute
the respective premiums. Options premiums are calculated based on the formula
proposed by Reiner [53] in the case of quanto options, and on the Black & Scholes
model [9] for simple put options.
5. Compute the optimal portfolio allocations (w,wf ,wq) for each of the models pro-
posed, considering different sizes of the uncertainty set determined by the parameter
δ.
6. Repeat the steps above R times and compute the average performance of each of
the models based on the final wealth.
In our simulations, we have considered a time horizon of T = 132 months, with an estima-
tion window of L = 12 months, providing an investment period of ten years in total. We
have repeated the simulations a total of R = 100 times. We have also run the Markowitz
minimum risk model, where we minimize the variance of the portfolio subject to a target
return, as a benchmark to our results. This model obtained an average annual return over
the 100 paths of 4.6%. Table 4.2 presents the simulations results for the robust model
(4.19).
The robust model outperforms the Markowitz in the great majority of the cases, reach-
ing a maximum of 84% of the cases considered when δ = 0.25. The average annual return
is also higher than the value obtained by the minimum risk model. For greater uncertainty
sets measured by the parameter δ, returns start to decrease which may be explained by
the model being too conservative.
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δ Annual Ret. (%) (%) Wins-M
0.25 12.18 84
0.5 9.36 73
0.75 7.28 66
1 5.91 60
Table 4.2: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk model
The same procedure was followed to assess the average performance of the forwards
model (4.26). Results are presented in table 4.3, where the final wealth is compared
against the Markowitz, Wins-M, and the robust, Wins-R, models. For the same size of
δ Annual Ret. (%) (%) Wins-M (%) Wins-R
0.25 11.45 81 35
0.5 8.46 69 30
0.75 6.52 53 34
1 5.22 45 29
Table 4.3: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk and robust models
the uncertainty set measured by δ, the forwards model always obtains an average annual
return below that of the robust model. Performance-wise, the robust model is able to
provide in the majority of cases a final portfolio wealth greater than or equal to that
of the forwards model. Comparatively to the Markowitz model, however, the forwards
model performs considerably well, achieving both a higher average annual return and a
higher final wealth in the majority of the simulations considered. These results lead us to
conclude that, while forward contracts may be effective in protecting the investor against
depreciations of the foreign exchange rate, the guarantee provided by robust optimization
seems to be more flexible by allowing the investor to benefit from upward movements.
Because forward contracts constrain the investor to exchange its holdings at a specific
foreign exchange rate, depending on the movements of the latter, she may actually obtain
a worse result when hedging.
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We finalize our study by assessing now the performance of the hedging model with
options (4.36), considering both quanto options for the foreign assets and standard equity
options for the domestic assets. We included as an additional investment 5 options for
each asset, with strike prices within ±10% of the current spot price. Table 4.4 presents the
simulation results in terms of average annual return rate and percentage wins, Wins-M,
Wins-R and Wins-F, relative to the previous models: Markowitz, robust and forwards
models, respectively.
δ Annual Ret. (%) (%) Wins-M (%) Wins-R (%) Wins-F
0.25 24.16 94 83 84
0.5 22.30 94 87 93
0.75 20.70 97 90 96
1 19.39 95 94 96
Table 4.4: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk, robust and forwards models
Simulation results seem to point towards a much better performance of the hedging
model with options compared to all the other models. This is noticeable in the value of
the average annual return rate, as well as in the final wealth of the model which exceeds
that of the other models. These results seem then to confirm the power of options as a
hedging instrument, as in situations of a decrease in the asset prices, put options ensure
that these do not go below the strike price. While such good results may seem surprising,
it is important to notice that quanto options provide a double protection compared to
forward contracts. On the one hand, currency risk is eliminated by translating the strike
price and the premiums at the corresponding forward rate with the same maturity as the
option. On the other hand, equity risk is also accounted for in the difference between the
strike price and the future price of the respective asset.
Despite the good performance of the hedging model, one should also view these results
with care. Option premiums have been calculated according to theoretical models, and
though in the same magnitude as real option prices, they are indeed only a simulation.
There is a risk of underestimating these prices, which would favor the investment in options
and could cause an upward-bias of the results. Furthermore, the options considered are
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very close in terms of strike price to the spot price, “at-the-money”, which though being
potentially more expensive, in case of a sharp decrease in the value of the asset, may
ensure a significant profit for the investor.
4.4.3 Performance Evaluation with Real Historical Prices
We want to evaluate the performance of both the robust and the hedging models under real
market conditions and over a long period of time. To this end, we consider the real index
returns and the respective real currency returns in the period from December 2001 until
January 2011. Each month we calculate the optimal asset allocation taking the expected
asset and currency returns as the mean of the historical returns from the previous twelve
months. The upper and lower bounds of the cross-exchange rates were calculated based
on their mean returns for the period considered plus the standard deviation for the same
period multiplied by a factor of ±1.5. These bounds and the covariance matrix Σ are
assumed to remain constant throughout this period. At the end of each month, the actual
portfolio return is computed based on the materialized returns, and the options (if any)
are exercised or left to expiry depending on the spot price of the asset. This procedure is
repeated every month, and the accumulated wealth is calculated.
We consider five different options for each asset in the portfolio. In the case of do-
mestic assets, simple put options are included, while for foreign assets, we include quanto
options. Because quanto options are mainly traded over-the-counter, there are no records
of historical premiums. In order to perform our backtesting experiment, we simulate the
options premiums based on the pricing formula developed by Reiner [53] described in
Section 4.3.2. For the simple put options, we use the Black & Scholes model [9]. We
consider five different strike prices in the range of 10% equidistant from the current asset
price. The fixed foreign exchange rate E¯ is assumed to be the historical forward exchange
rate, the same used in the forwards model (4.26) with one month maturity, equal to the
option maturity. The annual risk-free rates were based on the LIBOR annual rates for
the same period. The monthly target returns are set equal to expected return obtained
by the 1/n-portfolio, which yields an expected return constraint of 10% per year. Recall
96
4.4 Numerical Results
that this expected return must originate only from the asset returns, which prevents the
entire budget from being allocated to options.
We start by comparing our robust approach, model (4.19) designated as SDP model,
with other strategies used to compute the optimal international portfolio, namely the
approach suggested by Elton and Gruber [19] — EG Approach, and the more simple and
straightforward approach where all the foreign returns are converted to the base currency
of the investor — Base Currency. In this case, all historical foreign returns are converted
to USD at the corresponding exchange rate, and the subsequent estimation of the mean
returns and the covariance matrix are made based on those values. Only at that point
are the foreign exchange rates taken into account. Additionally, the original non-convex
model was solved to local optimality with a semi-infinite algorithm based on Blankenship
and Falk [10] as described in section 3.2.1.
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Figure 4.2: Accumulated wealth over the period from Dec01 to Jan11
Figure 4.2a depicts the accumulated wealth over the period December 2001 to January
2011 for the different approaches. For this particular data set with δ = 0.8, the SDP model
appears to outperform the other strategies, yielding an average annual portfolio return of
7.3%, against 6.9%, 6.8% and 5.4% obtained by the Local Optimality, Elton and Gruber,
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and Base Currency approaches. These results lead us to conclude on the importance, at
least on the long run and for these particular assets and currencies, of the correlation
between the local assets and currency returns, and also of their multiplicative effect.
Encouraged by the results of our approach, we now solve the robust, the forwards and
the hedging models, (4.19), (4.26) and (4.36) respectively, over the considered period for
different sizes of the uncertainty set δ, compute the cumulative gains and compare them
with the results obtained from the Markowitz risk minimization model. For the latter, we
minimize the variance of the portfolio subject to a target return, the same used to compute
the robust and the hedging models. Note that, while for the Markowitz minimum risk
model, the portfolio risk is measured by the variance, in the robust and the hedging models
it is reflected by the size of the uncertainty set defined by δ.
Figure 4.2b depicts the accumulated wealth from December 2001 to January 2011
for the different models. For this particular data set and parameter choice (δ = 0.5),
the minimum risk model is outperformed by the robust model, while the hedging model
dominates the robust, the forwards and the minimum risk models. The average annual
returns for the robust and the hedging models are 9% and 22% respectively, while the
Markowitz model provides a return of 5.26%. We have also computed the average annual
return for different values of the parameter δ, see Table 4.5.
δ Robust Ret. (%) Forwards Ret. (%) Hedging Ret. (%)
0.25 11.7 11.7 26.1
0.5 9.5 10.6 22.4
0.75 7.4 7.5 19.4
1 5.7 5.3 17.35
Table 4.5: Average annual returns for different values of parameter δ
Again, there were no significant differences in terms of average annual return for the
three different choices of limit on the amount of forward contracts. Although the forwards
model behaves quite closely to the robust model for the same size of the uncertainty set
δ = 0.5, the risk protection given by the forwards is clearly seen from the beginning of
2008, when a decrease in the returns is felt by all the models, but the forwards model is
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able to maintain an average return higher than the robust model.
Let us now assess the performance of the hedging model in the case where options
provide an additional guarantee against the future returns materializing outside the un-
certainty set. To this end, we conduct the backtesting experiment described above for
the alternative hedging model (4.38). We compare the backtesting results of the ro-
bust model with those of the new hedging formulation for different values of β, namely
β ∈ {0.3; 0.5; 0.7; 0.9}, where δ = 1. We find that there was a slight improvement rela-
tive to the robust model when including this new constraint, yielding an average annual
return above the 6% of the robust model. For β ∈ {0.3; 0.5; 0.7; 0.9}, the average annual
returns were respectively {7.5%; 8.7%; 9.9%; 11.1%}. We note that with this new formula-
tion the optimal solution is to invest in “out-of-the-money” options with the strike price
as close as possible to the worst-case asset price. These results differ from our previous
results where preference was given to “at-the-money” options. The frequency of “out-of-
the-money” options being exercised is below 50%, therefore in many cases they represent
only a cost. Although potentially more expensive as it relies on “at-the-money” options,
our initial hedging formulation (4.36) not only provides a hedging guarantee, but also a
profit opportunity. Exercised put options also offer a protection in case the asset and the
currency returns fall outside the uncertainty set, and in this way the additional constraint
is redundant.
Although the backtesting results seem to point towards a good performance of the
hedging model, these results should also be regarded with caution. Because we use sim-
ulated option prices, there is a risk of underestimating these prices, which favors the
investment in options and could cause an upward-bias of the results. Furthermore, we
have not considered the risk of default from the writer of the option, which in the case of
over-the-counter traded options might be non-negligible.
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4.5 Summary
We extend the paradigm of robust optimization to the international portfolio allocation
problem. We show that, although the naive problem formulation is non-convex due to the
multiplication of asset and currency returns, we obtain a tractable convex approximation
by employing the approximate S-Lemma. We further extend the robust optimization
approach by complementing it with an investment in forward contracts and in quanto
options as an additional insurance. Quanto options link a foreign equity option with a
forward rate, and they have been shown to be more effective in downside risk protection
than the separate consideration of foreign equity and currency options.
The suggested approach can be considered to be more flexible than the standard hedg-
ing strategies, as it relies on options and robust optimization, and not exclusively on
forward rates. Furthermore, the hedging strategy is implemented from a portfolio per-
spective and does not depend on the future value of any particular asset or currency. The
backtesting results seem to point towards the better performance of the robust model
when compared to the classical Markowitz risk minimization model and to other interna-
tional portfolio optimization approaches. The hedging model with options outperforms
the robust, the forwards and the risk minimization models in the considered data set.
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The models proposed in the previous chapters are single stage models, with decisions
taken here-and-now and not taking into account any future moments in time. To avoid
this myopic view, one possible formulation would be to minimize the investment risk
over the entire period, while imposing a final target return and further constraints on
the portfolio composition at the intermediate stages. The standard framework to solve
such multistage problems is stochastic programming [7], in which the decision space is
discretized and a scenario tree representative of the many paths herein is constructed. We
propose an alternative tractable formulation for multiperiod optimization models which
does not rely on scenario trees, but is instead based on linear decision rules. Main results
of this chapter are discussed in Fonseca et al. [22, 23].
5.1 Problem Description
Our starting point is a US investor who wishes to invest in foreign assets and hold the
resulting portfolio for T periods of time. The investor decides today on an asset allocation
and at subsequent periods until maturity, she can rebalance the portfolio according to the
realized value of each asset. Let us consider a universe of n assets and m currencies, and
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the number of units held in the portfolio of the ith asset at any time t as wti . At each
intermediate state t < T , the investor may rebalance the portfolio by buying or selling
a certain number of units of each asset i described by vti . If v
t
i ≥ 0 the number of units
of asset i increases, the opposite if vti ≤ 0. At each point in time t, and in order to
evaluate the value of the portfolio, the investor must take into account the price of the
asset in its local currency P ti and the corresponding foreign exchange rate E
t
i expressed
as units of the domestic currency per unit of the foreign currency. We additionally define
the logarithm rate of return of the local assets and the currency returns at time t as
pti = ln(P
t
i /P
t−1
i ), and e
t
j = ln(E
t
j/E
t−1
j ), respectively. The total return r
t on the ith asset
is (1 + rti) = (1 + p
t
i)(1 + e
t
i). We further aggregate the returns p
t and et in the single
vector ξ ∈ R1+T (n+m):
ξ =
[
1 p1 . . . pn︸ ︷︷ ︸
t=1
e1 . . . em︸ ︷︷ ︸
t=1
. . . p1 . . . pn︸ ︷︷ ︸
t=T
e1 . . . em︸ ︷︷ ︸
t=T
]′
,
where the first element is by definition equal to 1. Without loss of generality, we assume
the same number of assets and currencies, and that to each currency corresponds one and
only one asset. This does not alter our discuss and simplifies presentation, though it must
be taken into account during implementation of the models.
At time t = 0 the investor decides on a portfolio allocation, which she holds until the
following period t = 1. She then observes the outcome of the corresponding returns ξ1, and
decides on the number of units to buy or sell of each asset v1 based on those observations.
The procedure is repeated until the final period, where no rebalancing of the portfolio is
allowed. In a robust approach, we assume the returns are random parameters and we seek
to minimize a risk measure R(ξ) for the worst outcome of the returns, while achieving a
desired level α of final wealth at maturity date. The random returns ξ are expected to
materialize within some uncertainty set Ξ, which we will define later.
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This may be described by the following dynamic portfolio optimization model:
min
w,v
max
ξ
R(ξ) (5.1a)
s.t. E[wT (ξ)′cT (ξ)] ≥ α (5.1b)
w0(ξ) +
t∑
i=1
vi(ξ) = wt(ξ)
vt(ξ)
′ct(ξ) = 0
wt(ξ) ≥ 0

P-a.s. ∀ t = 1, . . . , (T − 1) (5.1c)
Parameters c(ξ) represent the prices and the returns of each asset needed to calculate their
respective value. The first constraint in (5.1c) represents the balance on the portfolio units
between time periods, that is, the number of units at each period t must be equal to the
initial holdings plus any rebalancing that may have occurred up to then. The second
constraint assumes that this is a self-financing portfolio, that is, to any assets bought at
any time t with vt ≥ 0 must correspond an equivalent sale of any other assets vt ≤ 0.
This means that no cash is re-invested in the portfolio nor retrieved from it, and any
acquisitions that occur are financed by corresponding sales. Additionally, no short-selling
is allowed.
From the investor’s point of view, it is not optimal to decide a priori on the amount of
units bought or sold in future periods. Indeed, those decisions can be made at a later date
and benefit from the knowledge of the value of the uncertain parameters up to that time.
The problem however is still intractable unless a further restriction is made, as there are
infinitely many ways in which a decision today may depend on past observations. In the
remainder of this chapter, we choose to restrict the space of admissible policies to affine
decision rules.
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5.2 Linear Decision Rules
At each moment t in time, when deciding how many units to buy or sell from each
asset, the investor will look back at past returns and decide based on that information.
Strictly speaking, the number of units transactioned will be a linear combination of the
past returns, and the weights of this linear combination our new decision variables. We
formulate our decision policies as wt = W tP tξ and vt = V tP tξ, where the matrices P t are
truncation operators defined as P t : R1+T (n+m) → R1+t(n+m), ξ → ξ1+t. The coefficients
of the matrices W t and V t are then the new decision variables. Because these depend
only on ξt, the non-anticipative nature of the dynamic process is guaranteed. With these
assumptions, our original problem (5.1) may be rewritten as:
min
w,v
max
ξ
R(ξ) (5.2a)
s.t. Tr
[
Γ(WT−1PT−1)′CT
] ≥ α (5.2b)
w0e
′
1ξ +
t∑
i=1
ViPiξ = WtPtξ
ξ′
[
(VtPt)
′Ct
]
ξ = 0
WtPtξ ≥ 0

P-a.s. ∀ t = 1, . . . , (T − 1), (5.2c)
where matrix Γ = E(ξξ′). The matrices C contain the respective initial prices P 0E0
and match each price with its corresponding returns up to the time considered. The
construction of these matrices is quite complex, as we are multiplying up to 2t random
variables at each stage t. The computation of the final wealth is in fact a polynomial
of degree 2T + 1. Recall that to calculate the value of each asset in the portfolio, one
must multiply the initial prices by the local asset and currency returns up to date, and
by the respective units, which in turn also depend on the returns. In order to obtain a
tractable formulation of our model, in the remainder of this chapter we will approximate
both expressions by a quadratic function.
Problem (5.2) is of a semi-infinite type, as it involves a finite number of variables but
an infinite number of constraints. By using robust optimization techniques, we are able
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to replace the semi-infinite inequalities with a finite number of constraints. We start by
defining the convex set Ξ supporting the probability measure P. At each stage t, the
uncertain parameters are the rates of return aggregated in the vector ξ and expected to
be within the joint confidence region defined as:
Ξδ =
{
ξ : (ξ − ξ¯)′(At)′Σ−1At(ξ − ξ¯) ≤ δ2, ∀t = 1, . . . , T} ,
where matrices At are again truncation matrices defined as At : R1+T (n+m) → Rn+m, ξ →
ξn+m. The uncertainty set Ξδ represents an ellipsoid where deviations of the returns from
their expected values are weighted by the inverse of the covariance matrix. Note also that
the covariance matrix takes into account the correlation between assets, currencies and
between assets and currencies.
To avoid any potential arbitrage in the market, we should also account for the tri-
angular relationship between foreign exchange rates. If we define two exchange rates,
the EUR/USD and the GBP/USD, then a third one between the EUR and the GBP is
automatically defined as well. This relationship must be verified at all times, otherwise ar-
bitrage opportunities would arise in the market. We denote as Xjk the cross exchange rate
between foreign exchange rates Ej and Ek, expressed as the number of units of currency
j per unit of currency k. Analogously to our previous notation, X0jk is the current spot
cross exchange rate and xjk the respective returns. We rewrite the triangular relationship
as:
1 = Ej · 1
Ek
·Xjk = E0j (1 + ej) ·
1
E0k(1 + ek)
·X0jk(1 + xjk)
= (1 + ej) · 1
(1 + ek)
· (1 + xjk) (5.3)
Similarly, the investor specifies an interval in which she expects the cross exchange rate
returns to materialize in the future. For simplicity, we assume that (1 + xjk) is between a
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lower bound L and an upper bound U , though other formulations would also be possible:
L ≤ (1 + xjk) ≤ U
L(1 + ej) ≤ (1 + ek) ≤ U(1 + ej)
ek − Lej ≥ L− 1 ∧ −ek + Uej ≥ 1− U. (5.4)
As the cross exchange rate returns do not impact the objective function, but only restrict
further the size of the uncertainty set, we can use relationship (5.3) to eliminate variables
x from our model and introduce instead a linear system of inequalities (BDtξ ≥ b) repre-
senting (5.4). Matrix B is the coefficient matrix, while Dt is a truncation matrix defined
as Dt : R1+T (n+m) → Rm, ξ → ξm. The final uncertainty set formulation may be written
as:
Ξ =
{
ξ : (ξ − ξ¯)′A′tΣ−1At(ξ − ξ¯) ≤ δ2 ∧ BDtξ ≥ b, ∀t = 1, . . . , T
}
(5.5)
Now that we have defined the support of the uncertain returns, we can use modern
robust optimization techniques to rewrite the semi-infinite constraints in (5.2). In this,
we follow closely the approach suggested by Kuhn et al. [38]. We start by simplifying the
equality constraints and observing that due to their continuity in ξ, these constraints hold
for the entire support of ξ ∈ P, or equivalently for all ξ ∈ Ξ. Therefore, we may equivalently
require that W 0 +
∑t
i=1 V
iP i = W tP t. In the case of the quadratic inequality constraint,
we note that this is equivalent to:
ξ′Htξ = 0, ∀ξ ∈ Ξ,
where
Ht =
1
2
[(V tP t)′Ct + (Ct)′V tP t].
Similarly, for this constraint to hold, we may only require that Ht = 0.
The inequality regarding the no short-selling requirement will be reformulated with
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the help of robust optimization techniques and duality theory. We note that:
w′ξ ≥ 0, ∀ ξ ∈ Ξ (5.6a)
⇔ 0 ≤ min
ξ
{
w′ξ : ‖Σ−1(ξ − ξ¯)‖ ≤ δ, Bξ ≥ b} (5.6b)
⇔ 0 ≤ max
y,z
{
ξ¯′(w −B′y)− zδ + y′b : ‖Σ1/2(w −B′y)‖ ≤ z, y, z ≥ 0
}
(5.6c)
The equivalence in expression (5.6c) follows from strong duality, as the primal problem
(5.6b) is a second order cone program. Taking wi as the ith row of matrix W
t, we can
use formulation (5.6) to replace the semi-infinite inequality constraint by the second order
cone constraints in the new variable yi. Interpreting yi as the ith column in matrix Y ,
our problem may be formulated as:
max
W,V,Y
min
ξ
R(ξ) (5.7a)
subject to, ∀ t < T
W 0 +
t∑
i=1
V iP i −W tP t = 0 (5.7b)
1
2
[(V tP t)′Ct + (Ct)′V tP t] = 0 (5.7c)[
W tP t −
t∑
i=1
(Y i)′BDi
]
ξ¯ −
t∑
i=1
[
δ
∥∥∥Σ1/2Ai [(W iP i)′ − (BDi)′Y i]∥∥∥+ (Y i)′b] ≥ 0 (5.7d)
Y t ≥ 0 (5.7e)
Although we were able to reformulate all of the constraints, we still need to define the
risk measure we are going to minimize. In the context of robust optimization, we have
chosen to minimize the worst-case value-at-risk, and in the next section, we show how we
can reformulate the problem using linear decision rules.
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5.3 Worst Case Value-at-Risk
Although in the classical approach to portfolio optimization, there is a trade off between
the portfolio return and its risk, we have not explicitly considered any risk measure in
the models in the previous sections. As shown by El Ghaoui et al. [18], there is in fact
a close relationship between robust optimization and the minimization of the worst case
Value-at-Risk (WCVaR). The Value-at-Risk at a given level  (VaR) is defined as the
(1-)-quantile of the portfolio loss distribution:
VaR(ξ) = min
w
{γ : P{L(ξ) ≥ γ} ≤ },
where P is the distribution of the returns and L(ξ) the corresponding loss function. Despite
being quite a popular risk measure among practitioners, the Value-at-Risk has several
drawbacks. It is not a coherent risk measure [1], as it lacks sub-additivity, that is, the VaR
of a portfolio may be greater than the VaR of the individual assets, therefore penalizing
diversification. Also, it assumes a knowledge of the entire returns distribution, and when
these are not normally distributed, the VaR is not a convex measure. In [18], the authors
derive the worst case Value-at-Risk (WCVaR), assuming that the returns distribution
is only partially known, namely the first two order moments. This would provide an
upper bound to the actual VaR. Their approach is however limited to portfolios where the
portfolio return is a linear function of the asset returns. Zymler et al. [70] extended their
work to the consideration of portfolios where the portfolio return is non-linearly dependent
on the asset returns, which is the case when derivatives are included. In this section, we
are greatly inspired by their approach and derive a worst case Value-at-Risk minimization
model applied to a multistage international portfolio.
5.3.1 Worst Case Value-at-Risk Formulation
We want to compute the WCVaR of any given portfolio over all asset and currency re-
turns distributions with the same first two order moments: ξ¯ and Σ. This will provide
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a conservative approximation to the true, but unknown, portfolio VaR. In our dynamic
setting, the portfolio return is a quadratic function of the asset and the currency returns.
The WCVaR may then be defined as:
WCVaR(ξ) = min
w
{γ : sup
P∈P
P{L(ξ) ≥ γ} ≤ } (5.8)
= min
w
{γ : sup
P∈P
P{β − wT (ξ)′cT (ξ) ≥ γ} ≤ } (5.9)
= min
W
{γ : sup
P∈P
P{β − ξ′[(W T−1P T−1)′CT ]ξ ≥ γ} ≤ } (5.10)
= min
S
{γ : sup
P∈P
P{ξ′Sξ ≥ γ} ≤ }, (5.11)
where ξ′Sξ represents the total portfolio loss defined at the final period, with the symmetric
matrix
S =
[
diag(β,0)− 1
2
[
(W T−1P T−1)′CT + (CT )′W T−1P T−1
]]
,
and β as the value of the initial portfolio. We show that the WCVaR of a dynamic
portfolio may be formulated as the following semidefinite problem:
WCVaR = inf
M,S,τ0,τ
γ (5.12a)
s.t 〈Γ,M〉 ≤ τ0, M  0, τ0, τ ≥ 0 (5.12b)
M + diag(γ − τ0,0)− S −
k∑
j=1
τjQj  0, (5.12c)
plus all the constraints in (5.7) referring to the portfolio optimization with respect to W
and V .
For the given portfolio W,V and for any fixed γ ∈ R, we introduce the set Qγ :
Qγ = {ξ ∈ R1+T (n+m) : ξ′Sξ ≥ γ ∧ ξ′Qjξ ≥ 0,∀j = 1, . . . , k},
where Qj are positive semi-definite matrices that describe our uncertainty set Ξ. In ad-
dition to the first and second order moments, we have also assumed support information
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regarding the probability distribution of the returns when formulating the constraints in
the dynamic setting. In order for the WCVaR to be computed in the same set as the
constraints, therefore maintaining consistency throughout the model, we add that support
information to our set Qγ . For each stage t of the optimization model, we build a matrix
Qt1 representing the ellipsoidal uncertainty set, and m(m− 1) Qtl matrices representing the
triangulation constraints as:
Qt1 =
[
(δ2 − ξ¯′(At)′Σ−1Atξ¯) ξ¯′(At)′Σ−1
Σ−1Atξ¯ −Σ−1
]
(5.13)
and Qtl =
[ −bl 12BlDt
1
2(BlD
t)′ 0
]
, with l = 2, . . . ,m(m− 1) + 1 (5.14)
The uncertainty set Ξ may now be equivalently written as:
Ξ =
{
ξ : (ξ − ξ¯)′A′tΣ−1At(ξ − ξ¯) ≤ δ2 ∧ BDtξ ≥ b, ∀t = 1, . . . , T
}
⇒{ξ : ξ′Qt1ξ ≥ 0 ∧ ξ′Qtlξ ≥ 0, t = 1, . . . , T, l = 2, . . . ,m(m− 1) + 1} ,
where each matrix Qtl represents a triangulation constraint with coefficients on the lth row
of the matrix B.
We start by solving the subordinate problem referring to the worst case probability:
piwc = supP∈P P{ξ ∈ Qγ}. This problem can be equivalently formulated as [14]:
piwc = inf
M
{〈Γ,M〉 : M  0, ξ′Mξ ≥ 1 ∀ξ ∈ Qγ} , (5.15)
where:
Γ =
[
1 ξ¯′
ξ¯ Σ + ξ¯ξ¯′
]
.
According to the definition of Qγ , the semi-infinite constraint can then be written as:
ξ′ (M − diag(1,0)) ξ ≥ 0, ∀ξ : ξ′[S − diag(γ,0)]ξ ≥ 0 ∧ ξ′Qjξ ≥ 0, j = 1, . . . , k. (5.16)
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Recall from Section 4.2.1 lemma 2:
Lemma 2. (Approximate S-lemma) Consider t symmetric matrices Ql with l = 1, . . . , t
and the following propositions:
(i) ∃λ ∈ Rt with λ ≥ 0 and S−∑tl=1 λlQl  0;
(ii) ξ′Sξ ≥ 0, ∀ ξ ∈ Ξ := {ξ ∈ Rk : e′1ξ = 1, ξ′Qlξ ≥ 0, l = 1, . . . , t}.
For any t ∈ N, (i) implies (ii).
The above results may be similarly used to replace (5.16) with a constraint on a linear
combination of symmetric matrices being positive semidefinite:
∃τ0, τ ≥ 0 : (M − diag(1,0))− τ0(S − diag(γ,0))−
k∑
j=1
τjQj  0,
yielding:
piwc = inf
M,τ0,τ
〈Γ,M〉 (5.17a)
s.t M  0, τ0, τ ≥ 0 (5.17b)
M + diag(τ0γ − 1,0)− τ0S −
k∑
j=1
τjQj  0. (5.17c)
Given that our set Qγ is comprised of the intersection of several independent sets described
by the matrices Qj , we can only apply the approximate S-lemma. Problems (5.15) and
(5.17) are not equivalent, but (5.17) is instead a conservative approximation to the original
problem of finding the worst case probability.
Using the results derived so far, we can reformulate the original problem of finding the
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WCVaR as:
WCVaR = inf
M,S,τ0,τ
γ (5.18a)
s.t 〈Γ,M〉 ≤ , M  0, τ0, τ ≥ 0 (5.18b)
M + diag(τ0γ − 1,0)− τ0S −
k∑
j=1
τjQj  0. (5.18c)
Convexity, however, is still not guaranteed due to the bilinear terms in the matrix
inequality constraint. We note that τ0 = 0 implies that 〈Γ,M〉 ≥ 1. Since  ≤ 1 and
〈Γ,M〉 ≤ , the former result is in contradiction with these constraints. We conclude that
no feasible point has τ0 = 0, which allows us to divide the matrix inequality constraint
by τ0. We then proceed to relabel all corresponding variables in the form: 1/τ0 → τ0,
M/τ0 → M , and τ/τ0 → τ , after which we obtain the proposed WCVaR formulation
(5.12). By adding the constraints referring to the portfolio optimization (5.7), we are able
to compute the WCVaR in a dynamic portfolio setting.
While we have included the minimization of the WCVaR only at the objective function
level, we could have also introduced intermediate constraints limiting the amount of losses
at each period of time. At each stage t < T we include the following constraint:
sup
P∈P
P{L(ξt) ≥ γt} ≤ } (5.19a)
⇔ sup
P∈P
P{β − wt(ξ)′ct(ξ) ≥ γt} ≤ } (5.19b)
⇔ sup
P∈P
P{β − ξ′[(W t−1P t−1)′Ct]ξ ≥ γt} ≤ } (5.19c)
⇔ sup
P∈P
P{ξ′Stξ ≥ γt} ≤ }, (5.19d)
where γt is a parameter of the model defined by the investor. Given all return distributions
with the same first two order moments, the investor is ready to obtain losses above that
value γt with probability less than or equal to . After applying the same reasoning and
transformations as before, we obtain the following set of constraints that need to be added
112
5.3 Worst Case Value-at-Risk
to the model at each stage t < T :
〈Γt,Mt〉 ≤ τ t0, Mt  0, τ t0, τ t ≥ 0 (5.20a)
Mt + diag(γt − τ t0,0)− St −
kt∑
j=1
τ tjQj  0 (5.20b)
Despite being quite a popular risk measure in the finance industry, the Value-at-Risk
has some undesirable mathematical properties that may impair its numerical tractability.
The Conditional Value-at-Risk (CVaR) has been proposed as an alternative risk measure
[54], as it possesses many of the desirable properties that the VaR lacks, such as being
a coherent risk measure [1]. Following our robust approach, we could have similarly
minimized the worst-case CVaR for our multistage international portfolio. In a study by
Zymler et al [71], it is shown that the worst-case Value-at-Risk is in fact equivalent to
the worst-case Conditional Value-at-Risk. We briefly repeat part of the proof here. The
CVaR at any given level  is defined as the expected loss above the VaR:
CVaR(ξ) = min
φ
{
φ+
1

E (L(ξ)− φ)+
}
.
The WCCVaR over the set P of all probability distributions with the same first- and
second- order moments may then be defined as:
WCCVaR(ξ) = min
φ
{
φ+
1

sup
P∈P
E (L(ξ)− φ)+
}
.
Starting from the formulation of the WCVaR in (5.12), we note that Γ  0 and M  0,
therefore 1/〈Γ,M〉 ≥ 0, making the constraint τ0 ≥ 0 redundant. A new variable φ =
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γ − τ0 is then introduced in order to eliminate γ:
WCVaR = inf
M,S,τ0,τ
φ+ τ0 (5.21a)
s.t
1

〈Γ,M〉 ≤ τ0, M  0, τ ≥ 0 (5.21b)
M + diag(φ,0)− S −
k∑
j=1
τjQj  0 (5.21c)
At optimality 1/〈Γ,M〉 = τ0, then:
WCVaR = inf
M,S,τ
φ+
1

〈Γ,M〉 (5.22a)
s.t M  0, τ ≥ 0 (5.22b)
M + diag(φ,0)− S −
k∑
j=1
τjQj  0 (5.22c)
Following results from [14], the worst-case expected return may be calculated as:
WCCVaR(ξ) = min
φ
{
φ+
1

sup
P∈P
E (L(ξ)− φ)+
}
(5.23a)
= min
φ
φ+
1

〈Γ,M〉 (5.23b)
s.t M  0, τ ≥ 0 (5.23c)
M + diag(φ,0)− S −
k∑
j=1
τjQj  0, (5.23d)
which completes the demonstration.
In their work, El Ghaoui et al. [18] showed that the minimization of the WCVaR
is equivalent to the maximization of the portfolio return for the worst case of the asset
returns when these are within an ellipsoid with size δ =
√
(1− )/. This result is valid
only in the case where the portfolio return is a linear function of the random asset returns.
In the next section, we elaborate on the close connection between robust optimization
and WCVaR minimization when the final wealth is a quadratic function of the random
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parameters.
5.3.2 Relationship with Robust Optimization
We now aim at finding an equivalence between robust optimization and WCVaR mini-
mization. We follow closely the approach described in Zymler et al. [70], but in our case
it is applied to a multistage portfolio optimization problem with support information.
Starting from the linear matrix inequality in problem (5.12), we wish to arrive at a robust
formulation where the final wealth is maximized for the worst case of the portfolio returns.
Without loss of generality, we write the following matrices as:
M =
[
u v′
v V
]
, S =
[
s c′
c X
]
and Qj =
[
q z′
z Z
]
j
. (5.24)
This will allow us to reformulate constraint (5.12c) and isolate the value γ of the WCVaR.
Furthermore, in the subsequent discussion, it will become apparent that the following
inequality holds inherently:
V +X −
k∑
j=1
τjZj  0. (5.25)
Lemma 3. The minimization of the worst-case value-at-risk may be equivalently written
as the robust optimization problem:
min
S
max
ξ,Ω
−
〈1 ξ′
ξ Ω
 , S
〉
(5.26a)
s.t. ∀ξ,Ω ∈ Ξ, (5.26b)
115
5. MULTISTAGE PORTFOLIO OPTIMIZATION
with:
Ξ =
ξ,Ω :
1 ξ′
ξ Ω
  0, Γ− 
1 ξ′
ξ Ω
  0,
1 ξ′
ξ Ω
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k.
 .
(5.26c)
Proof. With formulation (5.24) in place, the linear matrix inequality (5.12c) may be rewrit-
ten as:
ξ′
u+ γ − τ0 + s− τ ′q v′ + c′ −
∑k
j=1 τjz
′
j
v + c−∑kj=1 τjzj V +X −∑kj=1 τjZj
 ξ ≥ 0 (5.27a)
⇔ γ ≥ τ0 − u− s+ τ ′q − 2ξ′(v + c−
k∑
j=1
τjzj)− ξ′(V +X −
k∑
j=1
τjZj)ξ (5.27b)
⇔ γ ≥ max
ξ
τ0 − u− s+ τ ′q − 2ξ′(v + c−
k∑
j=1
τjzj)− ξ′(V +X −
k∑
j=1
τjZj)ξ

(5.27c)
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Problem (5.12) can then be equivalently represented as:
min
V,v,u,τ0,τ
max
ξ
τ0 − u− s+ τ ′q − 2ξ′(v + c−
k∑
j=1
τjzj)− ξ′(V +X −
k∑
j=1
τjZj)ξ

(5.28a)
s.t. 〈(Σ + ξ¯ξ¯′), V 〉+ 2v′ξ + u ≤ τ0, τ0, τ ≥ 0 (5.28b)u v′
v V
  0, V +X − k∑
j=1
τjZj  0. (5.28c)
Assume now that V + X −∑kj=1 τjZj  0 does not hold. In that case, the inner max-
imization problem in (5.28) will be unbounded, as the objective function is not concave
with respect to ξ. Consequently, the outer minimization problem will attempt to ad-
just variables V and τ to ensure boundedness and thereby the positive semidefiniteness of
V +X−∑kj=1 τjZj . This condition may then be included in the set of problem restrictions
without affecting the space of feasible solutions. The objective function is therefore con-
cave in ξ for any fixed (V,v, u, τ0, τ ) and convex in (V,v, u, τ0, τ ) for any fixed ξ. Also, the
feasible sets of the outer and inner problems are convex and independent of each other. We
may then interchange the ‘min’ and the ‘max’ operators to obtain the equivalent problem
[69]:
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max
ξ
min
V,v,u,τ0,τ
τ0 −
1 ξ′
ξ ξξ′
 •
u v′
v V
+
1 ξ′
ξ ξξ′
 •

k∑
j=1
τj
q z′
z Z

j
− (s+ 2ξ′c+ ξ′Xξ)
(5.29a)
s.t. τ0−
1 ξ¯′
ξ¯ Σ + ξ¯ξ¯′
 •
u v′
v V
 ≥ 0, τ0, τ ≥ 0 (5.29b)
u v′
v V
  0, V +X − k∑
j=1
τjZj  0. (5.29c)
Operator [•] represents the matrix element-wise product. We now proceed to find the
dual of the inner minimization problem in (5.29) with respect to (V,v, u, τ0, τ ). This may
be formulated as:
max
α,Λ
− (s+ 2ξ′c+ 〈X, ξξ′ + Λ〉) (5.30a)
s.t. 0 ≤ α ≤ 1

, Λ  0 (5.30b) α− 1 (αξ¯ − ξ)′
(αξ¯ − ξ) α(Σ + ξ¯ξ¯′)− (ξξ′ + Λ)
  0 (5.30c)
1 ξ′
ξ ξξ′ + Λ
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (5.30d)
A complete demonstration may be found in appendix C. Strong duality holds because the
inner problem in (5.29) is strictly feasible for any  ≥ 0. This allows us to replace the inner
118
5.3 Worst Case Value-at-Risk
minimization problem in (5.29) by its dual (5.30), yielding an equivalent formulation for
the WCVaR problem (5.12):
max
α,Λ,ξ
− (s+ 2ξ′c+ 〈X, ξξ′ + Λ〉) (5.31a)
s.t. ξ ∈ R1+T (n+m), 0 ≤ α ≤ 1

, Λ  0 (5.31b) α− 1 (αξ¯ − ξ)′
(αξ¯ − ξ) α(Σ + ξ¯ξ¯′)− (ξξ′ + Λ)
  0 (5.31c)
1 ξ′
ξ ξξ′ + Λ
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (5.31d)
By introducing a new decision variable Ω = ξξ′+ Λ, we further reformulate (5.31) to:
max
α,Ω,ξ
−
1 ξ′
ξ Ω
 •
s c′
c X
 (5.32a)
s.t. ξ ∈ R1+T (n+m), α ≤ 1

, Ω− ξξ′  0 (5.32b)
αΓ−
1 ξ′
ξ Ω
  0 (5.32c)
1 ξ′
ξ Ω
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (5.32d)
At optimality α = 1/, which means that the WCVaR for any given portfolio can be
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equivalently computed as:
max
Ω,ξ
−
1 ξ′
ξ Ω
 •
s c′
c X
 (5.33a)
s.t. ξ ∈ R1+T (n+m),
1 ξ′
ξ Ω
  0 (5.33b)
Γ− 
1 ξ′
ξ Ω
  0 (5.33c)
1 ξ′
ξ Ω
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (5.33d)
We note that (5.33) can also be written in a worst-case approach, where we maximize
the final wealth represented by the matrix S subject to the worst possible outcome of
the random parameters ξ and Ω. The equivalence between problems (5.33) and (5.26) is
therefore demonstrated.
The work of El Ghaoui et al. [18] shows the close relationship between the minimization
of the worst-case VaR and robust optimization through the size of the uncertainty set.
In this case of a quadratic relationship between the portfolio return and the random
parameters with support information such connection is not straightforward.
Proposition 1. If assumption X  0 holds, the minimization of the WCVaR is equivalent
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to the robust optimization problem:
min
S
max
ξ
−
〈1 ξ′
ξ ξξ′
 , S
〉
(5.34a)
s.t. ∀ξ ∈ Ξ, (5.34b)
with:
Ξ =
{
ξ : (ξ − ξ¯)′Σ−1(ξ − ξ¯) ≤ 1− 

, ξ′Qjξ ≥ 0, ∀j = 1, . . . , k
}
. (5.34c)
Proof. Let us start from problem (5.26) and reformulate it by introducing a new variable
Y = Ω− ξξ′:
max
Y,ξ
− (s+ 2ξ′c+ ξ′Xξ + 〈X,Y 〉) (5.35a)
s.t. Y  0 (5.35b) 1−  (ξ¯ − ξ)′
ξ¯ − ξ Σ + ξ¯ξ¯′ − (Y + ξξ′)
  0 (5.35c)
1 ξ′
ξ Y + ξξ′
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (5.35d)
We will now assume that X  0. With this assumption, we have Y = 0 at optimality,
as 〈X,Y 〉  0 and we are trying to minimize this value. For Y = 0 problem (5.35)
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simplifies to:
max
ξ
− (s+ 2ξ′c+ ξ′Xξ) (5.36a)
s.t.
 1−  (ξ¯ − ξ)′
ξ¯ − ξ Σ + ξ¯ξ¯′ − ξξ′
  0 (5.36b)
1 ξ′
ξ ξξ′
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (5.36c)
By using Schur complements in constraint (5.36b) we show that:
Σ + ξ¯ξ¯′ − ξξ′ − 1
1− (ξ¯ − ξ)(ξ¯ − ξ)
′ ≥ 0 (5.37a)
⇔ Σ + ξ¯ξ¯′ − ξξ′ − 1
1− (ξ¯ξ¯
′ − 2ξξ¯′ + 2ξξ′) ≥ 0 (5.37b)
⇔ (1− )Σ− ξ¯ξ¯′ − ξξ′ + 2ξξ¯′ ≥ 0 (5.37c)
⇔ (1− )Σ ≥ (ξ − ξ¯)(ξ − ξ¯)′ (5.37d)
⇔ (ξ − ξ¯)′Σ−1(ξ − ξ¯) ≤ 1− 

, (5.37e)
which coincides with an ellipsoidal uncertainty set where deviations of the returns over all
periods of time from their expected values are weighted by the covariance matrix.
Similarly, constraints (5.36c) are equivalent to: ξ′Qjξ ≥ 0, ∀j = 1, . . . , k, which cor-
responds to our initial support information of the probability distribution, and which we
have used to reformulate our constraints on W and V . So, under the assumption that X
is a positive semidefinite matrix, the minimization of the worst-case value-at-risk is equiv-
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alent to maximization of the final wealth for the worst possible outcome of the returns,
when these are within an ellipsoidal uncertainty set and additional support information is
added.
5.4 Numerical Results
The theoretical framework developed in the previous sections will now be implemented in
order to assess the performance of the multistage model compared to that of the single
stage model. To this end, we conduct a series of experiments that aim to show not only the
benefits of rebalancing the portfolio at intermediate periods, but also of considering the
value of the future returns when deciding today on a portfolio allocation. The numerical
examples were implemented using the modeling language YALMIP [44] together with the
freely available semidefinite programming solver SDPT3 [59, 63].
5.4.1 Portfolio Composition
We consider a portfolio with 5 foreign assets and their respective currencies, and one
domestic asset. In total, we have therefore 11 random returns, with 6 local assets returns
and 5 foreign exchange rate returns. The data was taken from the MSCI databases,
particularly the indexes on the regions: China, Euro, United Kingdom, Brazil, Japan and
USA. We start by investigating the benefits of rebalancing the portfolio at intermediate
periods until maturity. We consider two scenarios, one in which the investor is allowed
to change her portfolio allocation, and another in which she is not. The assumptions
regarding the model are the same in both cases. We are minimizing the worst-case value-
at-risk at a 5% level, with increasing uncertainty, that is, the size of the uncertainty set
measured by the parameter δ increases at each time step. We also include intermediate
constraints on the WCVaR limiting the losses by 10% of the initial portfolio value. Figure
5.1 depicts the efficient frontiers for the single and the multistage models with two different
maturity dates, T = 3 in figure 5.1a, and T = 6 in figure 5.1b. The risk is measured by the
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WCVaR as a percentage of the initial value of the portfolio and the return is the expected
portfolio return at maturity date.
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Figure 5.1: Efficient frontiers for single and multistage models at  = 5%
The benefits of rebalancing are clear, as the efficient frontier of the multistage model
is always above that of the single stage model, yielding for the same level of risk measured
by the WCVaR a greater expected return. The positive effects seem to diminish as we
increase the maturity of the investment. In figure 5.1b, the two curves are very close
together. This could be due to the increasing uncertainty surrounding the returns, pre-
venting the solver from changing its previous allocation. Recall that we are increasing the
uncertainty set at each time period, therefore for longer periods of time, this can already
include the entire support of the random parameters.
As an example of how linear decision rules work in practice, we show in table 5.1 the
resulting decision to be made at the first intermediate period, when we run the multistage
model for T = 3. The first column indicates the constant term, that is, the number of
units we will buy/sell from each asset regardless of the change in the random parameters.
The remaining columns represent the decision to be made for each asset depending on
the returns of all other assets and currencies. This linear combination will give the total
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MSCI Indices 1 ξChina ξEuro ξJapan ξUK ξBrazil ξUSA
China -8.96 0.00 0.00 -3.65 0.08 0.00 -5.38
Euro 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Japan 3.08 3.65 0.00 0.00 -85.73 2.16 83.00
UK -10.01 -0.08 0.00 85.73 0.00 -0.54 -95.13
Brazil -5.04 0.00 0.00 -2.16 0.54 0.00 -3.42
USA 20.93 5.38 0.00 -83.00 95.13 3.42 0.00
ξEUR ξGBP ξJPY ξBRL ξCNY
China 0.00 0.08 -3.65 0.00 0.00
Euro 0.00 0.00 0.00 0.00 0.00
Japan 0.00 -85.73 0.00 2.16 3.65
UK 0.00 0.54 0.00 -0.54 -0.08
Brazil 0.00 0.54 -2.16 0.00 0.00
USA 0.00 95.13 -83.00 3.42 5.38
Table 5.1: Linear policies at the first intermediate period with T = 3 and 5%-WCVaR
number of units to buy or sell at each time stage. We draw the reader’s attention to the
fact that the local asset returns and the respective currency returns are linked by the same
coefficient. Any movement in any of these returns will result in the same change in the
other asset units. We also note that there is an inverse symmetry between the coefficients
among any two countries. This may be related to the respective correlation coefficients
between the two indexes and also between the indexes and the respective currencies.
5.4.2 Performance Evaluation with Simulated Data
In our proposed formulation (5.12), the value-at-risk is minimized over all probability
distributions with the same first two order moments, the mean and the covariance matrix.
In this section, we construct several sets of data where the returns originate from different
probability distributions in order to test its robustness and assess how the model performs
against the single stage model. Our backtesting procedure is as follows:
1. Generate the returns time series in accordance with the chosen probability distri-
bution, maintaining the same mean and covariance matrix. Returns are measured
monthly and the time series runs over S = 132 months.
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2. Calculate the return estimates based on the past returns, assuming an estimation
window of L = 12 months. We assume the covariance matrix remains the same
throughout the backtesting period, as well as the interval in which the cross exchange
rate returns are expected to materialize in the future.
3. Compute the optimal linear decision rules for the period T considered, for different
sizes of the uncertainty set determined by the parameter δ and different levels of the
WCVaR. At the end of each month, compute the actual portfolio return resulting
from the application of the “here-and-now” decision and re-run the model, again
looking forward T periods of time. Despite considering multiple time periods, only
the first decision at t = 0 is actually applied.
4. Repeat the steps above R = 100 times for each of the probability distributions and
for the single stage model, and compute the average performance of each of the
models based on the final wealth.
We have started by assuming that the returns are normally distributed and tested the
performance of our WCVaR model (5.12) when T = 3 compared to the single stage model,
where decisions are taken considering only the period ahead, and the mean-variance model
as proposed by Markowitz, where the variance is minimized subject to a target return.
The WCVaR level is set at 5%. Table 5.2 presents the average annual return over the
100 paths for the single and the multistage models for different values of the parameter δ,
which determines the size of the uncertainty set. The last two columns state the percentage
of cases out of the 100 paths where the multistage model yielded a final wealth greater
than the Markowitz (Wins-M ) and the single stage models (Wins-SS ).
While the multistage model outperforms in the majority of the cases the Markowitz
minimum risk model, only for larger uncertainty sets does it provide a final wealth greater
than the single stage model. For larger values of the parameter δ, which defines the size of
the uncertainty set, the model may be considered to be more conservative as we optimize
for the worst case of the returns over a larger support. In that situation, it may be of an
advantage to look ahead in the future and take into account the expected returns in the
future periods of time. Nevertheless, average annual return rates are very similar in both
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δ Annual Ret. (%) (%) Wins-M (%) Wins-SS
Single Stage Multistage
0.25 16.99 17.09 88 37
0.50 13.58 13.49 81 44
0.75 11.13 11.56 80 60
1.00 9.19 10.48 70 63
Table 5.2: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk model and to the single stage model with a normal distribution
models, with the multistage model providing a higher return rate in all cases but when
δ = 0.5.
We subsequently perform the same calculations, this time assuming the returns follow
a uniform distribution, and generate the 100 paths accordingly. Consistently with our
assumptions, the uniform distribution has the same mean and covariance matrix as the
normal distribution considered previously. This experiment will assess the robustness of
our model against changes in the probability distribution of the returns. Table 5.3 presents
the results obtained from this experiment.
δ Annual Ret. (%) (%) Wins-M (%) Wins-SS
Single Stage Multistage
0.25 15.77 15.68 87 31
0.50 12.35 12.23 82 43
0.75 9.86 9.97 78 70
1.00 8.13 8.32 61 52
Table 5.3: Average annual return rate and percentage wins relative to the Markowitz mini-
mum risk model and to the single stage model with a uniform distribution
The conclusions to be drawn from the simulation results using a uniform distribution
are in general very similar to those from the normal distribution simulations. Again,
while there are no significant differences in terms of average annual return rate between
the two models, the single stage model appears to yield a higher final wealth value for
smaller uncertainty sets. The trend is reversed for greater values of δ. In all values of δ
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considered, the multistage model outperforms the Markowitz minimum risk model in the
majority of the cases.
Our numerical experiments have considered simulated data in which the returns follow
either a normal or a uniform distribution. Recall that we minimize the WCVaR over
all families of probability distributions with the same first two order moments. Results
seem to point towards the robustness of the multistage model, as in both backtesting
experiments, it outperformed not only the Markowitz model, but also the single stage
model for certain values of the parameter δ, without any loss in terms of average annual
return rate.
5.4.3 Performance Evaluation with Historical Market Data
We would also like to measure the performance of the multistage model (5.12) with real
market data. The backtesting procedure followed the same steps as in the previous section,
but only for one particular price path from December 2001 to January 2011 for the MSCI
Indexes: China, Euro, UK, Brazil, Japan and USA, and their respective currencies. Every
month, the model looks forward 3 months ahead, but only the first decision is actually
implemented. At the end of the month, the portfolio return is computed according to the
respective changes occurred in the returns and the model is implemented again, with a
new set of estimated returns based on the previous 12 months. As a comparison, we have
also implemented the mean-variance model proposed by Markowitz, where the variance is
minimized subject to a target return, and the single stage model where the WCVaR for
a single period is minimized.
Figure 5.2 depicts the backtesting results for all the models considered. For this partic-
ular data set, both the single and the multistage models perform better than the Markowitz
minimum risk model, yielding a greater final wealth. The multistage model seems also to
outperform both the single stage and the Markowitz models with an average annual return
rate of 12.06% compared to 10.15% and 5.26%, respectively. With these parameters, the
multistage model always provides a better return than the single stage, as it is shown by
the multistage model curve always being above that of the single stage model.
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Figure 5.2: Accumulated wealth over the period from Dec01 to Jan11
Table 5.4 shows the average annual return of both the single and the multistage models
for different values of the parameter δ, which determines the size of the uncertainty set.
Again, with this data set, the multistage seems to outperform the single stage model for
all the values of δ considered. We also note that for larger uncertainty sets, the average
annual return decreases which may be a result from the model being overly conservative.
δ Annual Ret. (%)
Single Stage Multistage
0.25 12.87 14.10
0.50 10.15 12.06
0.75 8.00 10.16
1.00 5.45 8.51
Table 5.4: Average annual return rate of the multistage and the single stage models by
uncertainty set size
The results obtained seem to point towards the potential benefits of using linear deci-
sion rules and undoubtedly motivate us to investigate their application further. We were
able to effectively solve an otherwise intractable problem, albeit a loss in optimality as we
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restrict the decision space to those affinely dependent on the past returns. For this reason,
these results should be analyzed with care. Moreover, when comparing the multistage with
the single stage model, no transaction costs were taken into account. The consideration
of transaction costs may lead to different conclusions.
5.5 Summary
Although multistage portfolio optimization problems have traditionally been developed by
means of a discretization of the decision space and construction of a scenario tree, their
numerical implementation may become severely intractable as the problem size grows
exponentially with the number of stages and branches considered. Linear decision rules
may provide an alternative tractable formulation to this type of problems. While we may
incur in a loss of optimality as the decisions are restricted to those affinely dependent
on the random parameters, there are considerable benefits in terms of tractability and
implementation issues as the problem size grows only polynomially.
We apply this new paradigm to an international portfolio optimization problem, where
the worst case value-at-risk is minimized at the final period of investment. We show how
to reformulate the problem with linear decision rules by applying robust optimization
techniques and duality theory. The WCVaR is minimized over an entire set of probability
distributions with the same first two order moments. The final problem is a semidefinite
program which is tractable and convex, thus amenable to numerical computation. Fur-
thermore, we establish the relationship between the minimization of the WCVaR and
robust optimization, giving the conditions in which these two problems are equivalent.
We assess the performance of the multistage model by comparing it with the single
stage model and conclude on the benefits of rebalancing the portfolio at intermediate
periods. We conduct a series of backtesting experiments both with simulated and with
historical market data, comparing the performance of both models in terms of final wealth
and average annual return rate. With this particular data set, results seem to point
towards a relative better performance of the multistage model.
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6.1 Conclusions
In this thesis, we investigate portfolio management strategies, with a main focus on the
explicit consideration of parameter uncertainty and currency risk. Several optimization
models are suggested with an aim of obtaining guarantees against unfavorable movements
of the returns, both the local asset and the currency returns. In particular, we propose
the following in each of the chapters:
In Chapter 3, the focus is on currencies and on obtaining a return derived from a
currency-only portfolio. We assume the currency returns are random variables and incor-
porate their estimation uncertainty directly in the optimization model by assuming par-
tial knowledge about their probability distribution and constructing an interval in which
they are expected to materialize. Furthermore, we account for the triangular relationship
among foreign exchange rates and, while still assuming the cross exchange rates are also
uncertain, rewrite the original non convex constraint as a linear system of inequalities. Ro-
bust optimization techniques and duality theory are employed in order to reformulate the
model as a tractable second order cone program. As a complement to the non-inferiority
guarantee provided by robust optimization, forward contracts and currency options are
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also made available to invest on. These effectively “cap” the value of the foreign exchange
at the forward rate or at the strike price. The advantage of the proposed approach is that
it does not depend on the particular value of any currency, but instead guarantees are
provided for the global value of the portfolio. Experiments with simulated and historical
market data allow us to investigate the behavior of suggested models and point towards
the overall better performance of the robust model, given that particular data set.
In Chapter 4, complexity is increased by implementing a portfolio with foreign assets
and explicitly considering the returns in their local currency and the respective currency
returns. Because the total return on any asset will result from the product of the local
assets and the currency returns, the model is bilinear and non convex. We propose the use
of the Approximate S-lemma to rewrite the original problem as a semidefinite program,
which is convex and therefore amenable to efficient numerical computation. Depending
on the specific formulation of the uncertainty set considered, the resulting model may
only provide a conservative approximation to our original model. Contrary to standard
approaches, however, our formulation does not assume zero correlation between assets
and currencies, allowing for the construction of a joint uncertainty set. The inclusion of
forward contracts and quanto options enhances the insurance effect already provided by
robust optimization. Numerical experiments with simulated and historical market data
seem to confirm the better performance of the robust model relative to other current
approaches and also the potential additional profits from investing in options.
In Chapter 5, we apply a new paradigm in optimization, linear decision rules, to a
multistage international portfolio optimization problem. We investigate the benefits of an
investment strategy over several time periods relative to a single stage investment deci-
sion, which is one of the most common criticisms directed at mean-variance models. While
multistage problems have traditionally been developed using stochastic programming and
scenario trees, their numerical implementation is quite difficult due to the associated ex-
ponential growth in problem size - curse of dimensionality. Linear decision rules, though
subject to a loss in optimality, provide a tractable alternative formulation. We develop
a multistage portfolio optimization model where the decisions at the various time stages
affinely depend on the past uncertain parameters. Constraints are satisfied robustly for
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the entire support of the random returns, while the worst case value-at-risk is minimized
at the final stage. We expand on the work done by Zymler et al. [70] on the worst case
quadratic value-at-risk, and apply it to a multistage portfolio described by linear decision
rules. The resulting problem, though a conservative approximation to the true unknown
value-at-risk, is of a semidefinite type and may be easily solved by standard optimization
techniques. We further investigate the special relationship between WCVaR minimiza-
tion and robust optimization, and the conditions in which the two problems are equivalent.
Numerical experiments seem to point towards the benefits of rebalancing the portfolio at
intermediate periods and also of considering future returns in an investment allocation
strategy.
6.2 Further Research
Last, we would like to point some directions for future research.
Although parameter estimation uncertainty was included in the models proposed and
accounted for by optimizing for their respective worst case, the covariance matrix was
always assumed to remain constant throughout the numerical tests. We have hinted at
the necessary reformulations in order to include this new source of uncertainty in appendix
A, but we would also like to apply it to a specific portfolio optimization model and test
whether the assumption of constant variance holds. It would be interesting to measure
the degree of error derived from the returns estimation in comparison with the estimation
of the covariance matrix.
Another possible line of research is concerned with multistage models and the use of
linear policies. As mentioned, the restriction of the decision space to affine policies leads
to a conservative reformulation of the problem and a subsequent loss in optimality. The
evaluation of this optimality gap is of much importance, also as a measure of performance
of the linear decision rules. These results could then lead to the construction of other type
of policies, such as polynomial decision rules. Polynomial decision rules could be quite
adequate to portfolio optimization, as the final wealth of a multistage problem is a poly-
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nomial of degree T , the number of periods considered. The non negativity of a polynomial
can be easily shown by rewriting it as a sum-of-squares and consequently as a semidefinite
program, Parrilo [50]. Polynomial decision rules have already been successfully applied to
an inventory problem by Bertsimas et al. [6].
The consideration of transaction costs is a much discussed topic in the literature,
especially as their inclusion in the numerical experiments may significantly change the
conclusions. Therefore, we would like to extend the study of the multistage portfolio
optimization model to include transactions costs. Not only would it make the model more
adequate to the financial reality, but it would also provide a more accurate performance
comparison against single stage models. Furthermore, additional hedging instruments such
as forward contracts and options could be included as alternative investments, providing
the investor with further guarantees on the portfolio value at maturity date.
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Appendix A
Uncertainty of the Covariance
Matrix
The consideration of separate uncertainty sets for the mean returns and the covariance
matrix often leads to inconsistent probability measures. To overcome this, we follow the
approach suggested in [66] and define not an uncertainty set over the covariance matrix
directly, but a component-wise bound on the mean returns r¯e and on the second moment
matrix of returns Γ. Within this framework, we are interested in minimizing the portfolio
variance for the worst case of the covariance matrix:
min
w
max
Γ∈ΞΓ,r¯e∈Ξ
w′Σw = w′(Γ− r¯e(r¯e)′)w (A.1a)
s.t. 1′w = 1 (A.1b)
w ≥ 0, (A.1c)
where the covariance matrix is written as Σ = Γ− r¯e(r¯e)′, and ΞΓ and Ξ define the uncer-
tainty regions for Γ and r¯e, respectively. As our final model will be cast as a semidefinite
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program (SDP), we rewrite the variables in the form of positive semidefinite symmetric
matrices. We define:
Γˆ ≡
[
Γ r¯e
(r¯e)′ 1
]
, Eˆ ≡
[
r¯e(r¯e)′ r¯e
(r¯e)′ 1
]
, and Wˆ ≡
[
ww′ w
w′ 1
]
. (A.2)
For any given fixed set of portfolio weights w, we formulate the inner maximization
problem in (A.1) as:
max
Γ,r¯e
w′Γw −w′r¯e(r¯e)′w (A.3a)
s.t. r¯e ∈ [r¯el , r¯eu] (A.3b)
Ar¯e ≥ 0 (A.3c)
Γ ∈ [Γl,Γu] (A.3d)
Eˆ  0 (A.3e)
Γˆ  0 (A.3f)
Constraint (A.3b) represents the component-wise upper and lower bounds of the mean
vector defined in Ξr¯e , while constraint (A.3c) corresponds to the triangulation requirement
as before. The uncertainty set for the second moments of the returns as explicitly defined
in ΞΓ is represented by the constraint (A.3d).
SDPs are convex optimization problems. Therefore, assuming that strong duality
holds, we can determine the dual of problem (A.3) and replace it in our original problem
(A.1). We obtain a single minimization problem without the uncertain first and second
moments of the returns. We refer the reader to Ye et al. [66] for a detailed consideration
of the covariance matrix uncertainty in portfolio allocation problems, and to Boyd and
Vanderberghe [11] for semidefinite programming duality.
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Appendix B
Second Order Cone Duality
We wish to determine the dual formulation of Problem (3.17), written below in standard
form:
min
re
w′re (B.1a)
s. t. ‖Σ−1/2(re− r¯e)‖ ≤ δ (B.1b)
−Are ≤ 0 (B.1c)
− re ≤ 0, (B.1d)
We start by constructing the Lagrangian associated with problem (3.17):
L(re, v, k, y) = w′re + v(‖Σ−1/2(re− r¯e)‖ − δ)− k′(Are)− y′re (B.2)
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and the respective Lagrangian dual function:
g(v, k, y) = inf
re
L(re, v, k, y)
= inf
re
[
w′re + v(‖Σ−1/2(re− r¯e)‖ − δ)− k′(Are)− y′re
]
= inf
re
[
(w′−A′k− y′)re + v‖Σ−1/2(re− r¯e)‖
]
− vδ
The subsequent derivation of the dual problem is based on the relationship between con-
jugate and Lagrange dual functions, in particular the following results [11]:
1. The conjugate f∗ of a function f : Rn → R is given by
f∗ = sup
x
(y′x− f(x)) (B.3)
2. The conjugate of f = ‖·‖, where ‖·‖ is any norm, is given by
f∗ =
{
0 ‖y‖2 ≤ 1
∞ otherwise (B.4)
We then modify the Lagrangian dual function in order to be able to use result (B.3):
g(v, k, y) = inf
re
[
(w′−A′k− y′)re + v‖Σ−1/2(re− r¯e)‖
]
− vδ
= inf
re
[
1
v2
Σ1/2(w′−A′k− y′)(v2Σ−1/2(re− r¯e)) + v‖Σ−1/2(re− r¯e)‖
]
+
(r¯e)′(w−A′k− y)− vδ
= − sup
re
[
− 1
v2
Σ1/2(w′−A′k− y′)(v2Σ−1/2(re− r¯e))− v‖Σ−1/2(re− r¯e)‖
]
+
(r¯e)′(w−A′k− y)− vδ
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Using result (B.4) we can formulate the Lagrangian dual function as:
g(v, k, y) =
{
(r¯e)′(w−A′k− y)− vδ ‖ 1
v2
Σ1/2(w′−A′k− y′)‖ ≤ 1
∞ otherwise (B.5)
We are now able to formulate the dual problem as:
max
v,k,y
(r¯e)′(w−A′k− y)− vδ (B.6a)
s. t. ‖Σ1/2(w′−A′k− y′)‖ ≤ v (B.6b)
v, k, y ≥ 0 (B.6c)
Thus yielding the desired result:
max
k,y
(r¯e)′(w−A′k− y)− δ‖Σ1/2(w′−A′k− y′)‖ (B.7a)
s. t. k, y ≥ 0. (B.7b)
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Appendix C
Semidefinite Duality
We wish to determine the dual of the following semidefinite problem with respect to
(V,v, u, τ0, τ ):
min
V,v,u,τ0,τ
τ0 −
[
1 ξ′
ξ ξξ′
]
•
[
u v′
v V
]
+
[
1 ξ′
ξ ξξ′
]
•
 k∑
j=1
τj
[
q z′
z Z
]
j
− (s+ 2ξ′c+ ξ′Xξ)
(C.1a)
s.t. τ0−
[
1 ξ¯′
ξ¯ Σ + ξ¯ξ¯′
]
•
[
u v′
v V
]
≥ 0, τ0, τ ≥ 0 (C.1b)[
u v′
v V
]
 0, V +X −
k∑
j=1
τjZj  0. (C.1c)
where the operator [•] represents the matrix element-wise product.
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Proposition 2. The dual of problem (C.1) may be formulated as, with α and Λ as dual
variables:
max
α,Λ
− (s+ 2ξ′c+ 〈X, ξξ′ + Λ〉) (C.2a)
s.t. 0 ≤ α ≤ 1

, Λ  0 (C.2b) α− 1 (αξ¯ − ξ)′
(αξ¯ − ξ) α(Σ + ξ¯ξ¯′)− (ξξ′ + Λ)
  0 (C.2c)
1 ξ′
ξ ξξ′ + Λ
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (C.2d)
Proof. The dual of problem (C.1) is, [64]:
max
α,Λ
− (s+ 2ξ′c+ ξ′Xξ)− 〈X,Λ〉 (C.3a)
s.t. α ≤ 1 (C.3b)
− α
1 ξ¯′
ξ¯ Σ + ξ¯ξ¯′
+
0 0
0 Λ
  −
1 ξ′
ξ ξξ′
 (C.3c)
0 0
0 −ΛZj
 
1 ξ′
ξ ξξ′
 •
q z′
z Z

j
, ∀j = 1, . . . , k (C.3d)
α ≥ 0,Λ  0, (C.3e)
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which can be written as:
max
α,Λ
− (s+ 2ξ′c+ ξ′Xξ + 〈X,Λ〉) (C.4a)
s.t. α ≤ 1, α ≥ 0, Λ  0 (C.4b)
− α
1 ξ¯′
ξ¯ Σ + ξ¯ξ¯′
  −
1 ξ′
ξ ξξ′ + Λ
 (C.4c)
1 ξ′
ξ ξξ′ + Λ
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k. (C.4d)
This may be further simplified to:
max
α,Λ
− (s+ 2ξ′c+ 〈X, ξξ′ + Λ〉) (C.5a)
s.t. 0 ≤ α ≤ 1

, Λ  0 (C.5b) α− 1 (αξ¯ − ξ)′
(αξ¯ − ξ) α(Σ + ξ¯ξ¯′)− (ξξ′ + Λ)
  0 (C.5c)
1 ξ′
ξ ξξ′ + Λ
 •
q z′
z Z

j
 0, ∀j = 1, . . . , k, (C.5d)
which completes the demonstration.
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Appendix D
World Indices Correlation
Table D.1 presents a few of the most important indices in the world, followed by their
respective currencies and the correlation between them. The aim of the table is to demon-
strate the non-negligible value of the correlation coefficients between indices and currencies.
145
D. WORLD INDICES CORRELATION
C
o
rrel.
F
T
S
E
1
.0
0
D
A
X
0
.8
4
1
.0
0
C
A
C
4
0
0
.8
7
0
.9
5
1
.0
0
IB
E
X
0
.7
5
0
.8
3
0
.8
3
1
.0
0
O
M
X
0
.6
9
0
.7
4
0
.7
5
0
.6
6
1
.0
0
S
M
I
0
.8
0
0
.8
0
0
.8
3
0
.6
5
0
.6
9
1
.0
0
N
IK
K
E
I
0
.5
3
0
.4
8
0
.5
2
0
.5
0
0
.4
4
0
.5
2
1
.0
0
H
A
N
G
S
E
N
G
0
.6
3
0
.6
2
0
.6
1
0
.6
4
0
.5
6
0
.5
5
0
.5
3
1
.0
0
B
O
V
E
S
P
A
0
.6
5
0
.6
3
0
.6
3
0
.6
4
0
.6
1
0
.5
1
0
.4
9
0
.6
9
1
.0
0
N
A
S
D
A
Q
0
.0
7
0
.0
8
0
.0
1
0
.0
9
0
.1
7
0
.1
2
0
.1
0
0
.1
1
0
.1
0
1
.0
0
S
&
P
5
0
0
0
.0
3
0
.0
5
0
.0
3
0
.0
5
0
.1
1
0
.1
3
0
.1
2
0
.0
5
0
.0
5
0
.8
1
1
.0
0
E
U
R
-0
.1
5
-0
.1
1
-0
.1
3
-0
.0
2
-0
.1
8
-0
.2
0
-0
.0
3
0
.1
9
0
.1
4
-0
.0
8
0
.0
0
1
.0
0
G
B
P
-0
.1
5
-0
.0
7
-0
.0
8
-0
.0
1
-0
.0
9
-0
.1
3
0
.0
0
0
.1
8
0
.0
6
0
.0
2
0
.0
9
0
.8
0
1
.0
0
J
P
Y
-0
.2
3
-0
.2
2
-0
.2
3
-0
.1
9
-0
.1
6
-0
.2
0
-0
.1
3
-0
.0
6
-0
.1
2
0
.1
3
0
.0
6
0
.5
1
0
.4
4
1
.0
0
B
R
L
0
.3
0
0
.4
0
0
.3
2
0
.3
6
0
.2
9
0
.4
1
0
.2
8
0
.3
6
0
.3
4
0
.3
4
0
.3
8
0
.0
7
0
.0
2
0
.0
0
1
.0
0
D
K
K
-0
.1
5
-0
.1
1
-0
.1
3
-0
.0
3
-0
.1
8
-0
.2
1
-0
.0
4
0
.1
8
0
.1
3
-0
.0
8
-0
.0
1
1
.0
0
0
.8
0
0
.5
1
0
.0
7
1
.0
0
H
K
D
0
.1
3
0
.1
2
0
.1
0
0
.1
3
0
.1
5
0
.0
5
0
.0
9
0
.3
2
0
.1
7
-0
.0
1
-0
.0
5
0
.2
5
0
.2
6
0
.2
4
0
.1
3
0
.2
5
1
.0
0
C
H
F
-0
.2
6
-0
.2
1
-0
.2
3
-0
.1
2
-0
.2
7
-0
.3
1
-0
.1
6
0
.0
6
0
.0
3
-0
.1
5
-0
.0
9
0
.9
4
0
.7
6
0
.6
1
-0
.0
2
0
.9
4
0
.2
7
1
.0
0
T
a
b
le
D
.1
:
C
orrelatio
n
co
effi
cien
ts
m
a
trix
b
etw
een
w
o
rld
in
d
ices
a
n
d
resp
ective
cu
rren
cies
(F
eb
-00
to
S
ep
-08)
146
Bibliography
[1] Artzner, P., Delbaen, F., Eber, J.-M., and Heath, D. Coherent measures of
risk. Mathematical Finance 9 (1999), 203–228. 108, 113
[2] Ben-Tal, A., Ghaoui, L. E., and Nemirovski, A. Robust Optimization. Prince-
ton University Press, 2009. 22
[3] Ben-Tal, A., Goryashko, A., Guslitzer, E., and Nemirovski, A. Adjustable
robust solutions of uncertain linear programs. Mathematical Programming Ser. A 99
(2004), 351–376. 25, 74
[4] Ben-Tal, A., and Nemirovski, A. Robust convex optimization. Mathematics of
Operations Research 23 (1998), 769–805. 20, 29
[5] Bertsimas, D., and Brown, D. B. Constructing uncertainty sets for robust linear
optimization. Operations Research 57 (2009), 1483–1495. 29
[6] Bertsimas, D., Iancu, D. A., and Parrilo, P. A. A hierarchy of near-optimal
policies for multi-stage adaptive optimization. 2009. 25, 134
[7] Birge, J. R., and Louveaux, F. Introduction to Stochastic Programming. Springer
Verlag, 1997. 22, 101
[8] Black, F. Universal hedging: optimizing currency risk and reward in international
equity portfolios. Financial Analysts Journal 45 (1989), 16–22. 10
147
BIBLIOGRAPHY
[9] Black, F., and Scholes, M. The pricing of options and corporate liabilities.
Journal of Political Economy 81 (1973), 637–654. 44, 84, 91, 93, 96
[10] Blankenship, J. W., and Falk, J. E. Infinitely constrained optimization prob-
lems. Journal of Optimization Theory and Applications 19 (1976), 261–281. 32, 33,
97
[11] Boyd, S., and Vandenberghe, L. Convex Optimization. Cambridge University
Press, 2004. 22, 37, 136, 138
[12] Broadie, M. Computing efficient frontiers using estimated parameters. Annals of
Operations Research 45 (1993), 21–58. 30, 61, 72
[13] Calafiore, G. C. Multi-period portfolio optimization with linear control policies.
Automatica 44 (2008), 2463–2487. 6, 25
[14] Calafiore, G. C., Topcu, U., and El-Ghaoui, L. Parameter estimation with
expected and residual-at-risk criteria. Systems & Control Letters 58 (2009), 39–46.
110, 114
[15] Ceria, S., and Stubbs, R. A. Incorporating estimation errors into portfolio selec-
tion: robust portfolio construction. Journal of Asset Management 7 (2006), 109–127.
29, 38, 54
[16] Chen, X., Sim, M., Sun, P., and Zhang, J. A linear decision-based approximation
approach to stochastic programming. Operations Research 2 (2008), 344–357. 25
[17] El-Ghaoui, L., and Lebret, H. Robust solutions to least-squares problems with
uncertain data. SIAM Journal on Matrix Analysis & Applications 18 (1997), 1035–
1064. 20
[18] El-Ghaoui, L., Oks, M., and Oustry, F. Worst-case Value-at-Risk and ro-
bust portfolio optimization: a conic programming approach. Operations Research 51
(2003), 543–556. 29, 50, 108, 114, 120
148
BIBLIOGRAPHY
[19] Elton, E. J., Gruber, M. J., Brown, S. J., and Goetzman, W. N. Modern
Portfolio Theory and Investment Analysis, 7th editio ed. Wiley, 2007. 6, 97
[20] Eun, C. S., and Resnick, B. G. Exchange rate uncertainty, forward contracts,
and international portfolio selection. The Journal of Finance XLIII (1988), 197–215.
11, 74
[21] Fabozzi, F. J., Kolm, P. N., Pachamanova, D. A., and Focardi, S. M. Robust
Portfolio Optimization and Management. John Wiley and Sons, 2007. 30, 38, 72
[22] Fonseca, R. J., Kuhn, D., and Rustem, B. Linearly adjustable international
portfolios. AIP Conference Proceedings 1281, 1 (2010), 338–341. 101
[23] Fonseca, R. J., Kuhn, D., and Rustem, B. International portfolio management
with affine policies. 2011. 101
[24] Fonseca, R. J., Wiesemann, W., and Rustem, B. Robust international portfolio
management. Computational Management Science, Forthcoming. 69
[25] Fonseca, R. J., Wiesemann, W., and Rustem, B. A semidefinite programming
approximation to portfolio optimization. In 21st European Symposium on Computer-
Aided Process Engineering (2011), pp. 472–476. 69
[26] Fonseca, R. J., Zymler, S., Wiesemann, W., and Rustem, B. Robust opti-
mization of currency portfolios. The Journal of Computational Finance 15, 1 (2011),
1–28. 27
[27] Garman, M. B., and Kohlhagen, S. W. Foreign currency option values. Journal
of International Money and Finance 2 (1983), 231–237. 19, 44, 54, 58, 60
[28] Garstka, S. J., and Wets, R. J. B. On decision rules in stochastic programming.
Mathematical Programming 7, 1 (Dec. 1974), 117–143. 25
[29] Giddy, I. H. Foreign exchange options. The Journal of Futures Markets 3 (1983),
143–166. 12, 83
149
BIBLIOGRAPHY
[30] Glen, J., and Jorion, P. Currency hedging for international portfolios. The
Journal of Finance XLVIII (1993), 1865–1886. 11
[31] Goldfarb, D., and Iyengar, G. Robust portfolio selection problems. Mathematics
of Operations Research 28 (2003), 1–38. 30
[32] Grubel, H. Internationally diversified portfolios: welfare gains and capital flows.
American Economic Review 58 (1968), 1299–1314. 10, 11
[33] Gulpinar, N., and Rustem, B. Worst-case robust decisions for multi-period
mean-variance portfolio optimization. European Journal of Operational Research 183
(2007), 981–1000. 24
[34] Halldorsson, B. V., and Tutuncu, R. H. An interior-point method for a class of
saddle-point problems. Journal of Optimization Theory and Applications 116 (2003),
559–590. 30
[35] Ho, T. S., Stapleton, R. C., and Subrahmanyam, M. G. Correlation risk, cross-
market derivative products and portfolio performance. European Financial Manage-
ment 1 (1995), 105–124. 12, 83
[36] Hull, J. C. Options, Futures and Other Derivatives. Pearson Prentice Hall, 2006.
16, 17, 43, 54, 55, 61, 83, 92, 93
[37] Kuhn, D., Parpas, P., Rustem, B., and Fonseca, R. Dynamic mean-variance
portfolio analysis under model risk. The Journal of Computational Finance 12 (2009),
91–115. 24, 54
[38] Kuhn, D., Wiesemann, W., and Georghiou, A. Primal and dual linear decision
rules in stochastic and robust optimization. Mathematical Programming (2009). 25,
75, 106
[39] Kurzhanskiy, A. A., and Varaiya, P. Ellipsoidal toolbox. Tech. Rep.
UCB/EECS-2006-46, EECS Department, University of California, Berkeley, May
2006. 35
150
BIBLIOGRAPHY
[40] Larsen, G. A., and Resnick, B. G. The optimal construction of internation-
ally diversified equity portfolios hedged against exchange rate uncertainty. European
Financial Management 6 (2000), 479–514. 11
[41] Levy, H., and Sarnat, M. International diversification of investment portfolios.
The American Economic Review 60 (1970), 668–675. 10, 11
[42] Levy, H., and Sarnat, M. Exchange rate risk and the optimal diversification of
foreign currency holdings. Journal of Money, Credit and Banking 10 (1978), 453–463.
5, 10
[43] Lobo, M. S., Vandenberghe, L., Boyd, S., and Lebret, H. Applications of
second-order cone programming. Linear Algebra and its applications 284 (1998),
193–228. 37
[44] Lo¨fberg, J. YALMIP: A toolbox for modelling and optimization in MATLAB. In
Proceedings of the CACSD Conference (Taipei, Taiwan, 2004). 49, 89, 123
[45] Luenberger, D. G. Investment Science. Oxford University Press, 1998. 15, 16
[46] Lutgens, F., Sturm, J., and Kolen, A. Robust one-period option hedging.
Operations Research 54 (2006), 1051–1062. 44
[47] Malz, A. M. Vega risk and the smile. Journal of Risk 7 (2001), 41–64. 61
[48] Markowitz, H. Portfolio selection. Journal of Finance 7 (1952), 77–91. 9, 27, 70
[49] Natarajan, K., Pachamanova, D., and Sim, M. Constructing risk measures
from uncertainty sets. Operations Research 57 (2009), 1129–1141. 29
[50] Parrilo, P. A. Semidefinite programming relaxations for semialgebraic problems.
Mathematical Programming 96, 2 (May 2003), 293–320. 134
[51] Pre´kopa, A. Stochastic Programming. Kluwer Academic Publishers, 1995. 22
151
BIBLIOGRAPHY
[52] Rapach, D. E., and Wohar, M. E. In-sample vs. out-of-Sample tests of stock
return predictability in the context of data mining. Journal of Empirical Finance 13
(2006), 231–247. 61
[53] Reiner, E. From Black-Scholes to Black Holes - New Frontiers in Options. RISK,
1992, ch. Quanto Mec, pp. 147–156. 84, 91, 93, 96
[54] Rockafellar, R. T., and Uryasev, S. Optimization of Conditional Value-at-
Risk. Journal of Risk 2 (2000), 21–41. 113
[55] Rustem, B. Computing optimal multi-currency mean-variance portfolios. Journal
of Economics Dynamics & Control 19 (1995), 901–908. 70, 78
[56] Rustem, B., and Howe, M. Algorithms for Worst-Case Design and Applications
to Risk Management. Princeton University Press, 2002. 6, 22
[57] Shawky, H. A., Kuenzel, R., and Mikhail, A. D. International portfolio diver-
sification: a synthesis and an update. Journal of International Financial Markets,
Institutions & Money 7 (1997), 303–327. 12
[58] Steil, B. Currency options and the optimal hedging of contingent foreign exchange
exposure. Economica 60 (1993), 413–431. 12, 83
[59] Toh, K. C., Todd, M. J., and Tutuncu, R. H. SDPT3 - a MATLAB software
package for semidefinite programming. Optimization Methods and Software 11 (1999),
545–581. 49, 78, 89, 123
[60] Topaloglou, N., Vladimirou, H., and Zenios, S. A. CVaR models with se-
lective hedging for international asset allocation. Journal of Banking & Finance 26
(2002), 1535–1561. 24
[61] Topaloglou, N., Vladimirou, H., and Zenios, S. A. Controlling currency risk
with options or forwards. Working Papers, HERMES European Center of Excellence
on Computational Finance and Economics (2007), 1–27. 6, 12, 83
152
BIBLIOGRAPHY
[62] Topaloglou, N., Vladimirou, H., and Zenios, S. A. A dynamic stochastic
programming model for international portfolio management. European Journal of
Operational Research 185 (2008), 1501–1524. 6, 12, 24, 83
[63] Tutuncu, R. H., Toh, K. C., and Todd, M. J. Solving semidefinite-quadratic-
linear programs using SDPT3. Mathematical Programming Ser. B 95 (2003), 189–217.
49, 78, 89, 123
[64] Vandenberghe, L., and Boyd, S. Semidefinite programming. SIAM Review 38
(1996), 49–95. 74, 77, 142
[65] Wystrup, U. FX Options and Structured Products. Wiley Finance, 2006. 19
[66] Ye, K., Parpas, P., and Rustem, B. Robust portfolio optimization: a conic
programming approach. 30, 135, 136
[67] Zakovic, S., and Rustem, B. Semi-infinite programming and application to min-
imax problems. Annals of Operations Research 124 (2002), 81–110. 32
[68] Zhang, P. G. Exotic Options: a Guide to Second Generation Options. World
Scientific, 1998. 83
[69] Zhu, S., and Fukushima, M. Worst-case Conditional Value-at-Risk with applica-
tion to robust portfolio management. Operations Research 57, 5 (July 2009), 1155–
1168. 117
[70] Zymler, S., Kuhn, D., and Rustem, B. Worst-case Value-at-Risk of non linear
portfolios. 2009. 108, 115, 133
[71] Zymler, S., Kuhn, D., and Rustem, B. Distributionally robust joint chance
constraints with second-order moment information. 2010. 113
[72] Zymler, S., Rustem, B., and Kuhn, D. Robust portfolio optimization with
derivative insurance guarantees. European Journal of Operational Research 210, 2
(Apr. 2011), 410–424. 44, 83
153
